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Abstract

Plausible identification of conditional average treatment effects (CATEs) can rely on
controlling for a large number of variables to account for confounding factors. In these
high-dimensional settings, estimation of the CATE requires estimating first-stage models
whose consistency relies on correctly specifying their parametric forms. While doubly-
robust estimators of the CATE exist, inference procedures based on the second-stage CATE
estimator are not doubly-robust. Using the popular augmented inverse propensity weight-
ing signal, we propose an estimator for the CATE whose resulting Wald-type confidence
intervals are doubly-robust. We assume a logistic model for the propensity score and a
linear model for the outcome regression, and estimate the parameters of these models us-
ing an £ (Lasso) penalty to address the high-dimensional covariates. Inference based on
this estimator remains valid even if one of the logistic propensity score or linear outcome
regression models are misspecified.
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1 INTRODUCTION

Consider a potential outcomes framework (Rubin, 1974, 1978) where an observed outcome
Y € R and treatment D € {0, 1} are related to two latent potential outcomes Y;,Yy € R via
Y = DY; + (1 — D)Yp. To account for unobserved confounding factors a common strategy is to
assume the researcher has access to a vector of covariates, Z = (Z/, X’) € Z1 xX C R¥%~% xRdx,
such that the potential outcomes are independent of the treatment decision after conditioning
on the observed covariates, (Y1,Yp) L D|Z. In this setting, we are interested in estimation of
and inference on the conditional average treatment effect (CATE):

E[Y1 -Y | X = x]. (1.1)

Estimation of the CATE generally requires first fitting propensity score and/or outcome re-
gression models. When the number of control variables Z is large (d, > n), these first-stage
models must be estimated using regularized methods which converge slowly and typically rely
on the correctness of parametric specifications for consistency.'

Fortunately, if both models are correctly specified, one can obtain a consistent estimator and
valid inference procedure for the CATE by using the popular augmented inverse propensity
weighted (aIPW) signal (Semenova and Chernozhukov, 2021; Fan et al., 2022). This is because
the aI[PW signal obeys an orthogonality condition at, crucially, the true nuisance model values
that limits the first-stage estimation error passed on to the second-stage estimator. Moreover,
estimators based on the aIPW signal are doubly-robust; consistency of the resulting second-
stage estimators requires correct specification of only one of the first-stage propensity score
or outcome regression models. However inference based on these estimators is not doubly-
robust. The orthogonality of the alPW signal fails under misspecification and the resulting
testing procedures and confidence intervals are rendered invalid.

This paper proposes a doubly-robust estimator and inference procedure for the conditional
average treatment effect when the number of control variables, d, is potentially much larger
than the sample size, n. The dimensionality of the conditioning variable, d,, remains fixed
in our analysis. Our approach is based on Tan (2020) wherein doubly-robust inference is
developed for the average treatment effect. We take a series approach to estimating the CATE,
using a quasi-projection of the alPW signal onto a growing set of basis functions. By assuming
a logistic form for the propensity score model and a linear form for the outcome regression
model, we construct novel ¢;-regularized first-stage estimating equations to recover a partial
orthogonality of the aIPW signal at the limiting values of the first-stage estimators. So long
as the limiting values of the first stage estimators have sparse representations this restricted
orthogonality is enough to achieve doubly-robust pointwise and uniform inference; pointwise
and uniform confidence intervals centered at the second-stage estimator are valid even if one
of the logistic or linear functional forms is misspecified.

To achieve this restricted orthogonality at all points in the support of the conditioning variable,
we employ distinct first-stage estimating equations for each basis term used in the second-stage
series approximation. This results in the number of first-stage estimators growing with the
number of basis terms. These estimators converge uniformly to limiting values under standard
conditions in high-dimensional analysis. Improving on prior work in doubly-robust infer-
ence, our {1 regularized first-stage estimation incorporates a data-dependent penalty parameter
based on the work of Chetverikov and Serensen (2021). This allows practical implementation of
our proposed estimation procedure with minimal knowledge of the underlying data generating
process.

IRecent works by Bauer and Kohler (2019); Schmidt-Hieber (2020) provide some limited nonparametric results
in high-dimensional settings using deep neural networks.
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The use of multiple pairs of nuisance parameter estimates leaves us with multiple limiting
values for the aIPW signals. So long as one of the nuisance models is correctly specified these
limiting values share a conditional mean function. However, the various limiting values may all
have different error terms describing their deviations from the conditional mean. This limits our
ability to straightforwardly apply existing nonparametric results for series estimators (Newey,
1997; Belloni et al., 2015). Under modified conditions, we analyze the asymptotic properties of
our second-stage series estimator to re-derive pointwise and uniform inference results. These
modified conditions are in general slightly stronger than those of Belloni et al. (2015), though
in certain special cases collapse exactly to the conditions of Belloni et al. (2015).

Prior LiteraTure. Chernozhukov et al. (2018) analyze the general problem of estimating fi-
nite dimensional target parameters in the presence of potentially high-dimensional nuisance
functions. Using score functions that are Neyman-orthogonal with respect to nuisance param-
eters they show that it is possible to obtain target parameter estimates that are vn-consistent
and asymptotically normal so long as the nuisance parameters are consistent at rate n=1/4, a
condition satisfied by many machine learning-based estimators. Semenova and Chernozhukov
(2021) use series estimation results from Belloni et al. (2015) and consider series estimation of
functional target parameters after high-dimensional nuisance estimation. Fan et al. (2022) and
Zimmert and Lechner (2019) provide a similar analysis using a second-stage kernel estimator.
The inference results of these papers are dependent on the orthogonality of their second stage
estimators to first stage estimation error, making it difficult to directly extend these analyses
when the first stage estimators are not consistent and the orthogonality cannot be applied.

In the same setting as this paper, Tan (2020); Bradic et al. (2019) consider estimation of the
average treatment effect. After assuming a logistic form for the propensity score and a linear
form for the outcome regression, both papers propose ¢;-regularized first-stage estimators that
allow for partial control of the derivative of the alPW signal away from true nuisance values
and thus allow for doubly-robust inference. Bradic et al. (2019) differs from Tan (2020) in their
use of cross-fitting, which allows them to achieve a “sparsity double robust” estimate of the
ATE; so long as one nuisance model is sufficiently sparse the other may be more dense. Both
Smucler et al. (2019) and Chernozhukov et al. (2022) extend the analysis of Tan (2020) and
show doubly-robust inference for a larger class of finite dimensional target parameters. In the
main paper, we do not consider the cross fitting approach of Bradic et al. (2019). However,
in Appendix B cross-fitting is considered along with an extension of the method proposed
in this paper to develop doubly-robust inference procedures for conditional versions of the
parameters considered in Chernozhukov et al. (2022).

For function valued parameters of interest, Wu et al. (2021) provides doubly-robust inference
procedures for covariate-specific treatment effects with discrete conditioning variables; their
results depend on exact representation assumptions that are unlikely to hold with continuous
covariates. Moreover, no uniform inference procedures are described. Dukes and Vanstee-
landt (2020) also propose an inference procedure for a class of parameters that includes mean
treatment effect under an assumption of constant in Z conditional average treatment effects;
their inference procedure is valid when the outcome regression model is misspecified. Kennedy
etal. (2017) and Colangelo and Lee (2023) consider the average counterfactual outcome, E[Y(t)],
when the treatment ¢ € supp(T) is continuous. While, this does constitute an functional target
parameter when looking over the support of T, this type of parameter fundamentally differs
from the CATE. Intuitively, this is because the population being considered when estimating
E[Y(#)] does not change when for different values of t while the population under consideration
when estimating E[Y(1)-Y(0) | X = x] does when varying the conditioning x. Thus, though the
inference procedures of Kennedy et al. (2017) and Colangelo and Lee (2023) are doubly-robust,
their approach is not applicable for the CATE. However, the approach developed in this paper
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may be useful in considering doubly-robust inference for parameters such as E[d;Y (¢) | X = x]
even when the treatment ¢t € supp(T) is continuous as described in Appendix B.

These papers pioneered the approach that we will employ below, which is to directly use
the first order conditions of the first stage estimators to control second stage estimation error.
However, it is not a priori clear how to extend this approach to control the estimation error
passed onto an infinite dimensional target parameter like the CATE. As discussed above, our
analysis requires re-deriving pointwise and uniform inference results for nonparametric series
estimators under modified conditions.

Chetverikov and Serensen (2021) propose a data-driven “bootstrap after cross-validation” ap-
proach to penalty parameter selection that is modified for and implemented in our setting. This
work is related to other work on the lasso (Tibshirani, 1996; Bickel et al., 2009; Belloni and Cher-
nozhukov, 2013; Chetverikov et al., 2021) and ¢;-regularized M-estimation in high-dimensional
settings (van der Greer, 2016; Tan, 2017).

Paper STRUCTURE. This paper proceeds as follows. Section 2 defines the problem and in-
troduces our methods for estimation and inference. Section 3 provides intuition for how the
first-stage estimation procedure allows for doubly-robust estimation and inference on the CATE
as well as formally establishes the necessary first-stage convergence. Section 4 presents the main
results: valid pointwise and uniform inference for the second-stage series estimator if either
the first-stage logistic propensity score model or linear outcome regression model is correctly
specified. Section 5 ties up a technical detail. Section 6 applies our proposed estimator to ex-
amine the effect of maternal smoking on infant birth weight while Section 7 provides evidence
from simulation study. Section 8 concludes. Proofs of main results are deferred to Appendix A.

Nortation. For any measure F and any function f, define the L? norm, || f||r2 = (Br[f?])"/?
and the L norm || f||r,.c = esssupg|f|. For any vector in R let || - ||, for p € [1, o] denote

the £, norm, [[al|, = (Zle af)l/” and [|a|| = maxi<i<eo |a1]. If the subscript is unspecified, we
are using the ¢, norm. For two vectors a,b € RP,letaob = (aibi)’::l denote the Hadamard

(element-wise) product. We adopt the convention that fora e RF andc € R, a + ¢ = (a; + c)’l.g:l.
For a matrix A € R™" let ||A|l = max|jo||, <1 ||Av||¢, denote the operator norm and ||Al|e =

SIS, 150>

empirical expectation and G, [ f(X)] = % 24 (f (Xi) —E[X;]) denote the empirical process. For
two sequences of random variables {a, }n and {b, }n, we say a, <p b, or a, = Oy(b,) if a, /b,
is bounded in probability and say a, = 0,(b,) if a,,/b, — 0.

2 SEeTUP

In this section, we formally define the setting and identification strategy that we consider. We
then introduce our doubly-robust estimator and inference procedure. The parameter of interest
is the conditional average treatment effect: E[Y; — Yy | X = x]. However, for this paper we
largely focus on estimation and inference for the conditional average counterfactual outcome:

Qo(x) =E[Y; | X =x]. (2.1)

Doubly-robust estimation and inference on E[Yy| X = x] follows a similar procedure and is
described in Section 5. The procedures can be combined for doubly-robust estimation and
inference for the CATE.
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2.1 SETTING

We assume the researcher observes i.i.d data and conditioning on Z is sufficient to control for
all confounding factors affecting both the treatment decision D and the potential outcomes,
Y; and Yj. Our analysis allows the dimensionality of the controls, Z = (Z;, X), to grow much
faster than the sample size (d, > n), while assuming the dimensionality of the conditioning
variables, X, remains fixed (d, < n).

Assumption 2.1 (Identification).
(i) {Y;, D;, Z;}!_, are independent and identically distributed.
(i) (Y1,Y0) LD | Z.
(iii) There exists a value n) € (0,1) such that 0 < E[D | Z = z] < 1 almost surely in Z.

Assumption 2.1(iii) is stronger than is needed for identification of go(x), which would require
only that 0 < E[D | Z = z] almost surely. However, E[D | Z = z] < 1 will also be required
for identification of E[Y(0) | X = x] and being bounded strictly away from zero and one is
needed to avoid weak overlap issues in estimation. Thus to simplify exposition, both stronger
conditions are imposed here. While E[D | Z = z] being bounded away from zero and one may
be strong when Z is high dimensional, this assumption could be relaxed by allowing the value
1 to tend slowly to zero. This asymptotic approach is not pursued in this paper, however.

To obtain doubly-robust estimation and inference we use the augmented inverse propensity
weighted (alPW) signal,
DY D
Y =——|—= -
wm =5

which is a function of a fitted propensity score model, 71(Z), and a fitted outcome regression
model, m(Z), whose true values are given n*(Z) := E[D | Z] and m*(Z) == E[Y | D =1, Z].
Under Assumption 2.1, the alPW signal Y(-, -) provides doubly-robust identification of go(x).
That is, for integrable 7 # * and m # m*,

])m@y (2.2)

E[Y | X = x] = BE[Y(=*, m*) | X = x]
=E[Y(rn,m*) | X = x] (2.3)
=E[Y(n*,m) | X = x].

We use a series approach to estimate go(x), taking a quasi-projection of the alPW signal onto a
growing set of k weakly positive basis terms:

p*(x) = (p1(x), ..., pr(x)) e RE. (2.4)

The basis terms are required to be weakly positive as they are used as weights within the convex
first-stage estimators estimating equations.' Examples of weakly positive basis functions are B-
splines or shifted polynomial series terms. To ensure that the basis terms are well behaved,
we assume regularity conditions on &k e = sup,cy [|P*(*)llco, Ek2 = sup,cy lp*(x)ll2, and the
eigenvalues of the design matrix Q := E[pk(X)p*(X)].

The double-robustness of the alPW signal implies that, so long as either 7 = n* or m = m*, we
can write

Y(T(, m) = gO(X) + €n,m, E[en,mlx] =0
= gk(X) + rk(X) + €n,m

where go(X) is the conditional counterfactual outcome (2.1), gx(x) = pk(x)’ﬁk is the L2(X)
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projection of go(x) onto the basis pk(x) and ry(x) = go0(x) — gk(x) denotes the approximation
error. Notice that, while the error term €5, depends on the propensity score and outcome
regression models, the functions go(x), gk(x), and rx(x) do not depend on these values. For any
(1, m) such that either 1 = 7* or m = m*, the least squares parameter ¥ can be identified

gk = QE[p*(X)1i]
= Q'E[p*(X)Y(r*, m*)] (2.5)
= Q'E[p*(X)Y(n, m)]

Indeed, even if we have k potentially different pairs of propensity score and outcome regression
values, (1j, m;) for j = 1,..., k, the least squares parameter could be identified by

p1(X)Y (71, my)
p*=Q7'E : ,
Pr(X)Y (tx, my)

so long as either 71; = * or m; = m* for each j = 1,...,k. We will exploit this fact in our
estimation procedure below.

2.2 ESsTIMATOR AND INFERENCE PROCEDURE
We assume an approximately logistic regression form for the propensity score model and linear

form for the outcome regression model:

n(Z;y) = (1+exp(-y'Z)) "

(2.6)
m(Z;a)~a'Z,

where the quality of approximation depends on certain error terms introduced below that may
or may not tend to zero with the sample size. For each j = 1,...,k, the parameters of (2.6),
Y, € R%  are estimated, respectively, by

i = argmin B, [p;(X){De”" + (1= D)y'Z}1+ Ay jll I, 2.7)

a; = argmin B, [p;(X)De 7 (Y = @' Z)?]/2 + A llall1. 2.8)
a

The penalty parameters A, ; and a,, ; are chosen via a data dependent technique described
below. As will be described in Section 3, these particular first-stage estimating equations are
the key to obtaining doubly-robust inference.

Under standard assumptions the parameter estimators y;, @; will converge uniformly over
j=1,...,k to population minimizers

7; = argmin E[p;(X){De™”'% + (1 - D)y’Z}], (2.9)
Y
& = argminE[p;(Z)De 7 (Y - a’'Z)?]. (2.10)
o4
which we assume are sulfficiently sparse. Our first-stage estimators are then i(Z) =n(Z; )7]')

and m;(Z) := m(Z; a;) with limiting values 77;(Z) := n(Z;7;) and m;(Z) := m(Z; &;), respec-
tively. Following Chernozhukov et al. (2022), we describe the difference betweeen the true

n case the researcher wants to use a second-stage basis that cannot be transformed to be weakly positive, we
have shown a slightly modified method of constructing our doubly-robust estimator and inference procedure that
does not require the first-stage weights to directly be the second-stage basis terms. This is available on request.
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models and the limiting values of the estimated models using the approximation error terms
r7,j(z) and ry, j(2):

n*(z) = 7j(2) + 17,j(2)
m*(z) = mj(z) + rm,j(2).

If the logistic and linear models are correctly specified, these approximation terms will tend
to zero as the sample size increases. In general however, these terms may be non-negligible
asymptotically.”? . Foreachj=1,...,k we willlet ¢; = Y(7;, 171j) — go(X) and collect all k such
error terms in the vector €* = (eq, ..., ex).

Applying the logic from Section 2.1, our second-stage estimator is defined g(x) := pk(x)’[?{
where ,Ek is an estimate of the population projection parameter, §¥, obtained by combining all
k pairs of first-stage estimators:

p1(X)Y (71, iny)
: , .11)
pr(X)Y (7T, iy

and Q = By [p"(X)p¥(X)']. We estimate the variance of g(x) using G(x) = ||ﬁl/2pk(x)||/\/ﬁ
where

Q = Q7 'Eu[{p"(X) 0 EHpk(X) 0 E¥}1Q7, (2.12)

and o represents the Hadamard element-wise product. The vector €* collects the various
estimated error terms; € = (€1, ..., €) for € :=Y(mj,mj)-g(x),j=1,.., k. Inference is based
on the 100(1 — 17)% confidence bands

li(x), i(x)] = [§(x) = ¢* (1 = 1/2) G(x), §(x) +* (1-n/2) T(x)]. (2.13)

For pointwise inference, the critical value ¢*(1 — 1/2) is taken as the (1 — n/2) quantile of a
standard normal distribution. For uniform inference c*(1 — 1/2) is taken

pr()Q!2

- N?
o(x) k

cy(1-1/2) == (1 — n/2)-quantile of sup
xeX

where N ;j is a bootstrap draw from N (0, Ix). Sections 3 and 4 show that, under standard sparsity
and moment conditions, these pointwise and uniform inference procedures remain valid even
under misspecification of either first-stage model.

Remark 2.1. The first-stage estimation procedure described above is specifically designed to
work with a second stage series estimator. If the analyst was interested in the conditional
counterfactual outcome at a specific point xy, g(x¢), we conjecture that a similar procedure
could also yield doubly-robust inference with a second stage kernel estimator. This could be
done as above by taking k = 1 and substituting p;(x) for a kernel weighting function K(==2).
However, this approach may not work well if the researcher is interested in the entire function
go(x) as a separate first-stage estimation procedure would need to be conducted for each point
in the support of X. It is unclear to us how doubly-robust inference could be developed for the

entire function go(x) when using a second stage kernel estimator.

2This is a version of approximate sparsity identical to that considered by Chernozhukov et al. (2022). It is
somewhat stronger than the approximate condition considered in Belloni et al. (2012), in which the true function
(7* or m*) must be well approximated by a sparse linear combination of basis functions, but this sparse linear
combination need not exactly solve a population minimization problem as in (2.9)-(2.10).
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2.3 PenaLTY PARAMETER SELECTION

To select the penalty parameters A, ; and A, ; in (2.7)-(2.8) we propose a data driven two-step
procedure based on the work of Chetverikov and Serensen (2021). Foreach j = 0,1...,k, we
start with pilot penalty parameters given by

n3(d,) In’(d.)

n

pilot __ .
Ay =i

and Af;j{‘;‘ = Ca,j X (2.14)
for some constants cy j, cn,; selected from the interval [c,,¢,] with ¢, > 0. In practice, the
researcher has a fair bit of flexibility in choosing these constants. The optimal choice of these
constants may depend on the underlying data generating process. We recommend using cross
validation to pick these constants from a fixed-cardinality set of possible values. In line with
Assumption 3.1(vi), the values in the set should be chosen to be on the order of the maximum
value of ||p*(X;)||« observed in the data.

—pilot

Using /\‘;ﬂ‘]’.t and /\‘szj’.t in lieu of A, ; and A, j in (2.7)-(2.8) we generate pilot estimators Y; and

a’". These pilot estimators are used to generate plug in estimators ﬁy ,jand ﬁa, j of the residuals

—~ _ pilot!
U, =-pi(X)}DA+eT “)-1} 015
— _Apilot’ —vilot’ °
Uy j = —p;(X)De ] Z(Y—a;?“Z).
whose true values are given
U, i = —p;(X){DA+e %) =1
Vi pi(X){D(1+e "77) -1} (2.16)

Uy,j = —pj(X)De 74(Y - &'Z)

These true residuals are the derivatives of the minimization problems in (2.9)-(2.10) evaluated
at minimizing values y; and &;. After generating the residual estimates, we use a multiplier
bootstrap procedure to select final penalty parameters A, ; and A, ;.

n
=1’

Ay,j = co X (1 = €)-quantile of 1mlazi< |En[eiﬁ%]-Z1]| given {Y;, D;, Z;}
<i<d,

—~ (2.17)
Aa,j = co X (1 — €)-quantile of 1mlazi< |ExleiUq,jZ1]| given {Y;, D;, ZiY
<l<d,

where ey, ..., e, are independent standard normal random variables generated independently
of thedata {Y;, D;, X;}!"_; and co > lisa fixed constant.® In line with other work we find ¢g = 1.1
works well in simulations. So long as our residual estimates converge in empirical mean square
to limiting values and ke — 0, the choice of penalty parameters in (2.17) will ensure that the
penalty parameters dominate the noise with probability approaching one uniformly over the
k first stage estimation procedures. This allows for consistent variable selection and coefficient
estimation.

3 TuaeORY OVERVIEW

We begin with a main technical lemma which provides a bound on rate at which first-stage
estimation error is passed on to the second-stage CATE and variance estimators. This bound

3The constant c( can be different for the propensity score and outcome regression models and can also vary for
each j =1,..., k. All that matters is that each constant satisfies the requirements of Lemma 3.1. This complicates
notation, however.
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is comparable to others seen in the inference after model-selection literature (Belloni et al.,
2013; Tan, 2020) and is achieved under standard conditions in the {;-regularized estimation
literature (Bickel et al., 2009; Biihlmann and van de Geer, 2011; Belloni and Chernozhukov,
2013; Chetverikov and Serensen, 2021). However, this bound is achieved at the limiting values
of the propensity score and outcome regression models which may differ from the true values
7* and m* under misspecification.

The potential misspecification of the first-stage models means we cannot directly apply orthog-
onality of the alPW signal, discussed below, to show that the effect of first-stage estimation error
on the second-stage is negligible. Instead, we use the first order conditions for )7j and a jto
directly control this quantity. After presenting the lemma Section 3.2 provides some intuition
for how this is done. Controlling the rate at which first-stage estimation error is passed on
to the second-stage estimator even at points away from the true values 7* and m* is key for
obtaining doubly-robust inference for the CATE.

3.1 UnrtrorM FIRST-STAGE CONVERGENCE

To show uniform convergence of the first-stage estimators and thus uniform control of the bias
passed on from the first-stage estimation to the second-stage estimator we rely on Assump-
tion 3.1, below. The conditions in Assumption 3.1(v,vi) depend on the sup-norm of the basis
functions, &k o = sUp,cx ||pk(x)||0<,.

Assumption 3.1 (First-Stage Convergence).
(i) The regressors Z are bounded, maxi<i<4, |Zi| < Co almost surely.

(ii) The errors Y1 — m;j(Z) are uniformly subgaussian conditional on Z in the following sense. There
exists fixed positive constants Go and Gy such that for any j:

GoE [exp ({V1 —mj(2)}*/G5) - 1] Z] < G5
almost surely.
(iii) There is a constant By such that 77]’.Z > Bg almost surely for all j.

(iv) There exists fixed constants Eg > 1 and 1 > vo > 0 such that for each j = 1, ..., k the following
empirical compatibility condition holds for the empirical hessian matrix £, ; == B,[De” i ZZZ’].
Forany b € R% and Si={l:|yjil VvIa;l + 0}:

Sled < &0 0l = (D 1ei) <15 (5 0).

I¢Sj lES]' lES]'

(v) There exists fixed constants ¢, and Cy > 0 such that forall j =1,...,k, E[LI;1 ]-] < (5k,ooCu)4
and minj<j<g, E[U}% ].le] > cy.

(vi) The constant c,, is chosen such that &re < ¢, and the following sparsity bounds hold for
sx = maxi<j<k |Sjl

08282 1In°(dyn & In’(d.kn)
k knn (Z)—>O, and —=—— - - — 0.

Assumptions 3.1(i)-(iv) are nearly identical to Assumption 1 in Tan (2020) and are standard in
the literature with the additional requirement that the conditions hold uniformly over the k
estimation proceduresj = 1,..., k. Assumption 3.1(v,vi) are analagous to assumptions made in
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Chetverikov and Serensen (2021) and are needed for the validity of the data dependent choice
of penalty parameter.

The first part of Assumption 3.1 assumes that the regressors are bounded while the second
assumes that tail behavior of the outcome regression errors are uniformly thin. Both of these
can be relaxed somewhat with sufficient moment conditions on the tail behavior of the controls
and errors. We should note that compactness of X is generally required by nonparametric
estimators. The third part of the assumption bounds all limiting propensity scores 7;(Z) away
from zero uniformly.

Assumption 3.1(iv) is an empirical compatibility condition on the weighted first-stage design
matrix. We note quickly that this empirical compatability condition is imposed on the empirical
hessian matrix and as such may be interpreted as holding almost surely. Imposing this condition
almost surely on the empirical hessian as opposed to on the population hessian is mainly to
save time in the proofs. It can be shown that analog assumption on the population hessian
matrix implies the compatability condition holds on the empirical Hessian with probability
approaching one (see Lemma 5 in Appendix V of Tan (2017)), which suffices for our proofs.
The compatability condition is slightly weaker than the restricted eigenvalue conditions often
assumed in the literature (Bickel et al., 2009; Belloni et al., 2012), which would require that the
condition hold for all sets S € {1, ...,d.} with S| = |S}].

The penultimate condition is an identifiability constraint that limits the moments of the noise
and bounds it away from zero uniformly over all estimation procedures. Many of the constants
in Assumption 3.1 are assumed to be fixed across all j. This is mainly to simplify the exposition
of the results below and in practice all constants can be allowed to grow slowly with k. However,
the growth rate of these terms affects the required first-stage sparsity.

The last condition is required for the validity of the bootstrap penalty parameter selection
procedure and is comparable to the requirements needed for the bootstrap after cross validation
technique described by Chetverikov and Serensen (2021). The main difference is the additional
assumption on the growth rate of the basis functions, i . which is to ensure uniform stability of
the estimation procedures (2.7)-(2.8) as well as some assumptions on the order of the constants
Cy,j and cq,j in (2.14).

Assumptions 3.1(v,vi) depend on the sup-norm of the basis functions, £k «. This growth rate
of this quantity will depend on the form of basis used for the second stage nonparametric
estimator. In both our simulation study as well as our empirical exercise we use B-splines
for which & e < Vk. Other common bases used in nonparametric estimation are polynomial
series for which & < k, or wavelets for which i o < Vk. Belloni et al. (2015) provide a
discussion for other choices of basis terms.

Lemma 3.1 (First-Stage Convergence). Suppose that Assumption 3.1 holds. In addition assume that
co > (&o+1)/(éo—1), k/n — 0, ke — 0, and there is a fixed constant ¢ > 0 such that for all j,
Aa,j/Ay,j 2 c. Then the following weighted means converge uniformly in absolute value at least at rate:

L Skgzmln(dz)
max [E,[p;(X)Y (7, inj)] = Eulp;(X)Y (7}, )| sp ———, @3.1)
1<j<k n
and in empirical mean square at least at rate:
s2&d In(dy)
Eu[p2(X)(Y (R, i) = Y (7, 7)) Sp ——r 3.2
max E,lp2(X)0Y () ) = Y, )] $p == (62

Lemma 3.1 provides a tight bound on the first-stage estimation error passed on to the second-
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stage estimator even when the first-stage estimators converge to values that are not the true
propensity score or outcome regression.! So long as this can be controlled, the estimation
procedure described in Section 2 will be valid for the psuedo-true parameter 3(x) = p*(x)'*
where g5 = E[(p1(X)Y (1, 11), . .., pr(X)Y (7k, 7i1¢))’]. Due to the double-robustness of the
alPW signal, in order for the inference to target the true parameter of interest go(x), it is only
necessary for one of the models to be correctly specified as formally described below.

Lemma 3.2 (Doubly-Roubst Identification). Suppose that either the propensity score or outcome
regression model is correctly specified in the sense that Nnk maxi<j<x E[p;j(X)rn,j(Z)rm,j(Z)] — O.
Then,

Vnk|E[p;(X)Y (7, m;j) = E[pj(X)Y (*, m*)]| — 0.

Importantly, the definition of correct specification in Lemma 3.2 can be satisfied even if only
one of 7 j(-) or 4 j(+) tends to zero (in an appropriate sense).

3.2 MANAGING FIRsT-STAGE Bias

We now provide some intuition for how Lemma 3.1 is obtained and the role our particular
estimating equations play in establishing this fact. We focus on control of the vector B,
defined in (3.3), which measures the bias passed on from first-stage estimation to the second-
gk
p

stage estimate B\k Limiting the size of B is crucial in showing convergence of ¥ to the true

parameter ¥ and thus consistency of the nonparametric estimator g(x).

p1(X) {Y (71, 1) = Y (7, 1711) }
pe(X) {Y (R, k) = Y (R, 171x) }

For exposition, we consider a single term of (3.3), B;‘, which roughly measures the first-stage

estimation bias taken on from adding the j" basis term to our series approximation of go(x).
The discussion that follows is a bit informal, instead of considering the derivatives with respect
to the true parameters below our proof strategy will directly use the Kuhn-Tucker conditions
of the optimization routines in (2.7)-(2.8). However, the general intuition is the same as is used
in the proofs.

In addition to the doubly-robust identification property (2.3), the alPW signal is typically useful
in the high-dimensional setting because it obeys an orthogonality condition at the true values
(%, m*):2

E[VamY(*, m*) | Z] = 0. (3.4)
When both the propensity score model and outcome regression model are correctly specified we
can (loosely speaking) examine the bias B;.‘ by replacing 71; = 7* and ; = m" and considering
the following first order expansion:

BY = Eulp;(X)Y (7, )] = Ealp;(X)Y (*, m*)]

7_(*

;—E. —
= En [P](X)Vn,m Y(T(*, m*)] [Tﬁj —m*

+ op(n_l/Z). (3.5)

Op(n=1/2) by (3.4)

Hn particular under the sparsity bound siéi ookl/ 2In(dz)/vn — 0, any linear combination of the means in both

(3.1) and (3.2) is 0p (V1)
2Robustness and orthogonality are indeed closely related, see Theorem 6.2 in Newey and McFadden (1994) for
a discussion.
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By orthogonality of the a[PW signal the gradient term is mean zero, which guarantees that the
first term (the “bias” term) on the right hand side of (3.5) is asymptotically negligible so long
as the first stage estimators 7t and 7 are consistent for 7* and m* in appropriate norms. ® This
allows the researcher to ignore first-stage nuisance parameter estimation error and treat 7* and
m* as known when analyzing the asymptotic properties of the second-stage series estimator.
Importantly, the alPW orthogonality (3.4) at the true parameters (7*, m*) holds conditionally
on Z = (Z1,X) and regardless of the estimation procedure used to estimate the first-stage
models. Thus, if the researcher is confident in the consistency of their first stage propensity
score and outcome regression models, they could obtain asymptotically valid inference while
only needing to conduct a single first-stage estimating procedure, e.g setting 77; = Tand in; =
foreach j =1,..., k. This is the approach followed by Semenova and Chernozhukov (2021).

If one of these models is misspecified so that only one of 7; = * or 17; = m* we still have that
E[p;(X)Y1] = Eu[p;(X)Y(7tj, m;)] by double-robustness of the a[PW signal (2.3). However, the
alPW orthogonality tells us nothing about the expectation of the gradient away from the true
parameters, 7*, m*; if either 7; # * or 1; # m* there is no reason to believe that the gradient
on the right hand side of (3.5) is mean zero when evaluated instead at Y(7t;, 7). In general,
the bias B;.‘ will then diminish at the rate of convergence of our nuisance parameters. Because
we have high dimensional controls, this convergence rate can be much slower than the rates of
converegence for series estimators derived in Newey (1997) and Belloni et al. (2015).

To get around this, we design the first-stage objective functions (2.7)-(2.8) such that the resulting
tirst-order conditions control the bias passed on to the second-stage. Consider the following
expansion instead around the limiting parameters y; and ay.

B = B, [p;(X)Y(R;, )] — Bulpj (X)Y (7, 171))]
(3.6)

= Bulpj(X)Vy, o, Y(R, )] [g “7 oy

After substituting the forms of 7;(z) = n(z;7;) and m;(z) = m(z; ;) described in (2.6) and
differentiating with respect to y; and «; we obtain

—p;(X)De (Y - &7)7

E[pj(X)Vy, o, Y(7tj, 1mj)] = E —pi(x){D(1 + e 19z - 7}

(3.7)

However, by definition y; and &; solve the minimization problems defined in (2.9)-(2.10), the
population analogs of our finite sample estimating equations. The first order conditions of
these minimization problems yield

First order condition of y;

~pi(X{D(1 +e"*)Z - Z}

7 =0 = Blpj(X)Vy;a/Y (R}, )] = 0 3.8
—pi(X)De 7'4(DY - &'Z)Z [Pi(X)Vy,;,0; Y (7, 172))] (3.8)

First order condition of &;

Examining the first order conditions in (3.8), we see that they exactly give us control over the
gradient (3.7). This property is the key to obtaining doubly-robust inference for the CATE.
Under suitable convergence of the first-stage parameter estimates, this guarantees the bias

3For the second term on the RHS of (3.5) to be 0p (n=1/2), we require the stronger conditions that ||7t; — || =

op(n_1/4) and ||71; — m*|| = op(n_l/4) in appropriate norms as in Chernozhukov et al. (2018).
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examined in expansion (3.6) is negligible even under misspecification of the propensity score
or outcome regression models.

Control of this gradient under misspecification is not provided using other estimating equa-
tions, such as maximum likelihood for the logistic propensity score model or ordinary least
squares for the linear outcome regression model. Moreover, control over the gradient of B;.‘

from (3.3) is not provided by the first-order conditions for j; and &; for [ # j:
[ —p;(X)De 7'%(Y - a'Z)Z |
|—pi(X){D(1 +e7%)Z - Z} |

First order condition of j;

Elpj(X)Vy,,a;Y (7, 71j)] = E

—pi(X){(D(1 + 777 - 7} (3.9)

+E . .
| —pi(X)De™ 2Y-a'2)Z |

First order condition of &@;

Showing that the inference procedure of Section 2 remains valid at all points x € X under
misspecification requires showing negligible first-stage estimation bias for any linear transfor-
mation of the vector (3.3). As outlined above, this requires using k separate pairs of nuisance
parameter estimator to obtain k separate pairs of first order conditions, one for each term of
the vector.

4 MaiN Resurrs

In this section, we present the main consistency and distributional results for our second-stage
estimator g(x) described in Section 2. A full set of second-stage results, including pointwise
and uniform linearization lemmas and uniform convergence rates, can be found in the Online
Appendix. The first set of results is established under the following condition, which limits the
bias passed from first-stage estimation onto the second-stage estimator.

Condition 1 (No Effect of First-Stage Bias). Suppose that

max [Eulp;(X)Y (7, i1))] - Eulpj(X)Y (7, i))]| = 0,(n~/2k71/2) (4.1)

and that either the logistic propensity score model or linear outcome regression models is
correctly specified in the sense of Lemma 3.2.

Since, for any vector x € R¥, ||x||> < Vk|| x|l e, Condition 1 is sufficient for the f,-norm of the
bias vector BX described in (3.3) to be v/n-negligible (op(n‘l/ 2)), which is what is needed for
the results of this section to hold. The condition is presented in this stronger form, however,
in order to more easily facilitate application of the results in Section 3. Via Lemma 3.1 we can
see that by using the first-stage estimating equations (2.7)-(2.8), the condition in (4.1) can be
satisfied under Assumption 3.1 and the sparsity bound

Sk 5?00]{1/2 In(d.)
\Vn

If the researcher were to assume different parametric forms for the first-stage model, different
first estimating equations would have to be used to obtain doubly-robust estimation and in-
ference. However, so long as the Condition 1 can be established at the limiting values of the
tirst-stage models, the results of this section hold.

—0. (4.2)
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Having dealt with the first-stage estimation error, the main complication remaining is that
under misspecification the alPW signals Y (7}, 71;) for j = 1,..., k do not all converge to the
same limiting values. However, so long as at least one of the first-stage models is correctly
specified, all of the limiting alPW signals have the same conditional mean, go(x). In the standard
setting, consistency of nonparametric estimator relies on certain conditions on the error terms.
In our setting, we require that these assumptions hold uniformly over k the error terms. We
note, though, that there is a non-trivial dependence structure between that limiting alPW
signals. This strong dependence gives plausibility to our uniform conditions. For example, if
the logistic propensity score model is correctly specified and the difference between the limiting
outcome regression models is bounded, | maxi <<k 7;(Z) — mini<j<x m;(Z)| < C almost surely,
our conditions reduce exactly to the conditions of Belloni et al. (2015).

4.1 PoiNTwisE INFERENCE
Pointwise inference relies on the following assumption in tandem with Condition 1.

Assumption 4.1 (Second-Stage Pointwise Assumption). Let € ‘= maxi<j<x |€j|. Assume that

(i) Uniformly over all n, the eigenvalues of Q = E[p*(X)p*(X)’] are bounded from above and away
from zero.

(ii) The conditional variance of the error terms is uniformly bounded in the following sense. There
exists constants o* and G2 such that forany j = 1,2.. .. we have that 0> < Var(e; | X) < 5% < oo;

(iii) For each n and k there are finite constants cy and € such that for each f € G

12 = Elre(X)*DY? < ¢ and ||rillL,e0 = sup |7x(x)] < lick.
xeX

7%l

(iv) sup,.x E[éi {Ex+Leck > 0Vn/&x} | X = x] = 0asn — coandsup,,_y E[(?cil{ék+€kck >
ovVn/ék} | X =x] = 0asn — oo forany 6 > 0.

As mentioned, these are exactly the conditions required by Belloni et al. (2015), with the
modification that the bounds on conditional variance and other moment conditions on the
error term hold uniformly over j = 1,..., k. As in Belloni et al. (2012), these assumptions are
presented at a high level to abstract away from the details of functional approximation, but are
worth discussing here.

Assumption 4.1(i) assumes regularity on the basis terms being used, namely that they do
not become linearly-dependent or near linearly dependent as k grows. Typically, satisfying
this condition requires rescaling the basis terms, which is the reason that i« and &k grow
at the rate Vk when using B-splines. Assumption 4.1(ii) is a technical condition that says
that the conditional variance of Y(7;, 17;) must be bounded both from above and from below.
Assumption 4.1(iii,iv) present high level conditions on the rate of decay of the approximation
error; which is formally the error from least squares projection of go(X) onto the linear span
of p¥(x). These conditions are related to the underlying smoothness of the function of interest
go(x). For example, if the true regression function is in a Holder class of smoothness order s
then for b-Splines of degree s, cx < k~%0/d (Belloni et al., 2015).

These assumptions can be shown to be satisfied by a number of commonly used functional
bases, such as polynomial bases or splines, under adequate normalizations and smoothness
of the underlying regression function. Readers should refer to Newey (1997), Chen (2007), or
Belloni et al. (2015) for a more in depth discussion of these assumptions.'

n practice, we recommend the use of B-splines in order to to satisfy the first requirement that the basis functions
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Under these assumptions, the variance of our second-stage estimator is governed by one of the
following variance matrices:

Q= QE[{p*(x) o (" + rHp"(x) o (" + r)}1Q 7"
Qo = QTE[{p"(x) 0 e H{p"(x) 0 €"}1Q7!

where o represents the Hadamard (element-wise) product and, abusing notation, for a vector
a € RF and scalar c € Rwe leta + ¢ = (a; + c)f.‘:l. Later on, we establish the validity of the

(4.3)

plug-in analog @ (2.12), as an estimator of these matrices.

Theorem 4.1 (Pointwise Normality). Assume Assumption 4.1 and that Condition 1 holds with

o = mingegi [|a’Q/?

|. In addition suppose that 5% log k/n — 0. Then, for any a € S¥1:
1Rk _ pk
& ("~ B%)

—4 N(0,1 44
gy 4N O (4.4)

where generally Q = Q but if fcy — 0 then we can set Q = Qy. Moreover, for any x € X and
5(x) = Q2pF(),
k(~\(Rk k
pr()(B* - B%)
Vn————1 - 5, N(0,1 4.5
s MO )
and if the second stage approximation error is negligible relative to the estimation error, namely \nri(x) =
o(lls(x)1)), then ~
\/Eg(x) — 8o(x)
l[s()ll
Theorem 4.1 shows that the estimator proposed in Section 2 has a limiting gaussian distribution

even under misspecification of either first-stage model. This allows for doubly-robust pointwise
inference after establishing a consistent variance estimator.

—4 N(0,1) (4.6)

4.2 UnirorM CONVERGENCE

Next, we turn to strengthening the pointwise results to hold uniformly over all points x € X.
This requires stronger conditions. We make the following assumptions on the tail behavior of
the error terms which strengthens Assumption 4.1.

Assumption 4.2 (Uniform Limit Theory). Let & = sup, ;. lejl, a(x) = pk () /Ilp*(x)|l, and let

Lo gup 12 = oGl

& =
k x,x’eX ”x - x’”
x#x’

Further for any integer s let 6} = sup ..y E[|é|*| X = x]. For some m > 2 assume
(i) The regression errors satisfy sup ..y E[maxi<i<n |€xi|™ | X = x] <p nlim

(ii) The basis functions are such that (a) éim/(m_z) logk/n <1, (b) (52 v 5]")log & < logk, and
(c)logd,' &k < logk.

As before, Assumption 4.2 is very similar to its analogue in Belloni et al. (2015), with the modi-
fication that the conditions are required to hold for €, as opposed to €. Under this assumption,
we derive doubly-robust uniform rates of convergence uniform inference procedures for the
conditional counterfactual outcome go(x).

are weakly positive and to reduce instability of the convex optimization programs described in (2.7)-(2.8).
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Theorem 4.2 (Strong Approximation by a Gaussian Process). Assume that Condition 1 holds with
Op = Min g1 || a’Q(l)/2|| and that Assumptions 4.1-4.2 hold with m > 3. In addition assume that (i)
Ri, = op(a,gl) and (ii) agk%i((f}% + l’lf’ci)z log2 n/n — 0 where

_ 52 lo
Ry, = \f gk (nl/m\/logk + \/_ékck) and Ry, = Vlogk - lick

Then, for some Ny ~ N(0, I):

—alx) B-p) _ a@xyQl?

—1\ =+ poo
MGy QU] TaGoyaiz) N+ ortan) ) ®7)
so that for s(x) = Ql/zpk(x)
PEYE-P) _ s e
VI s e+ or(@n) i £7(X) (48)
and if sup, . VAl (O lIs )l = o(az)), then
Vr8®) —gol®) _ - st Ni + 0p(azl) in £°(X) 4.9)

sl sl

where in general we take QO = Q but if Ry, = op(a, 1) then we can set QO = Qg where Q and Qg are as
in (4.3).

Theorem 4.2 establishes conditions under which we obtain a doubly-robust strong approxima-
tion of the empirical process x — Vn(g(x) — go(x)) by a Gaussian process. After establishing
consistent estimation of the matrix Q, this strong approximation result allows us to show va-
lidity of the uniform confidence bands described in Section 2. As noted by Belloni et al. (2015),
this is distinctly different from a Donsker type weak convergence result for the estimator g(x)
as viewed as a random element of {*°(X). In particular, the covariance kernel is left completely
unspecified and in general need not be well behaved.

4.3 Matrix EstimaTioN AND UNIFORM INFERENCE

We establish that the estimator Q proposed in (2.12) is a consistent estimator of the true limiting
variance Q, where Q) = Qin general but if Roy = op(a 1) then Q = Q. To do so, we rely on the
second-stage assumptions Assumptions 4.1 and 4.2 as well as the following condition limiting

the first-stage estimation error passed on to the variance estimator Q.

Condition 2 (Variance Estimation). Let m > 2 be as in Assumption 4.2 and suppose that

Ek oo g\ﬁiEn[m(X)Z(Y(ﬁj, ;) = Y (7, mj)*] = 0p(k~2n ™), (4.10)

In addition assume that either the logistic propensity score model or linear outcome regression
model is correctly specified in the sense of Lemma 3.2.

Via Lemma 3.1 we can establish Condition 2 under Assumption 3.1 as well as the additional
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sparsity bound?

k,00"k
n(m—l)/m

& s2k2In(d,)
S 4.11)

Theorem 4.3 (Matrix Estimation). Suppose that Conditions 1 and 2 and Assumptions 4.1-4.2 hold.
In addition, assume that Ry, + Ra, < (log k)2, Then, so long as either the propensity score model or

outcome regression model is correctly specified then for Q=012Q

Ei log k

1Q - Q|| <p (00 V beck) =0(1)

Theorem 4.3 establishes that pointwise inference based on the test statistic described in Section 2,
obtained by replacing €) in Theorem 4.1 with the consistent estimator Q, is doubly-robust.
Hypothesis tests based on the test statistic as well as pointwise confidence intervals for go(x)
remain valid even if one of the first-stage parameters is misspecified.

We now establish the validity of uniform inference based on the gaussian bootstrap critical
values cf(1 — a) defined in Section 2.

Theorem 4.4 (Validity of Uniform Confidence Bands). Suppose Conditions 1 and 2 are satis-
fied and Assumptions 4.1-4.2 hold with m > 4. In addition suppose (i) Ri, + Roy < logl/2 n,

(ii) Exlog?n/nl27m = o(1), (iii) sup,ox [reC/IPF I = ollog™?n), and (iv) K&2(1 +
l]i’r]i’)z log’n/n = o(1). Then, so long as either the propensity score model or outcome regression
model is satisfied

Pr sulel <cl-a)|=1-a+o(1).
xeX G(X)

As a result, uniform confidence intervals formed in (2.13) satisfy

Pr(go(x) € [i(x),i(x)], Vx € X) =1—a + o(1).

In conjunction with Lemma 3.1, Theorem 4.1 and Theorem 4.3, Theorem 4.4 shows the validity
of the uniform inference procedure described in Section 2.

5 EstiMATION OF THE CONDITIONAL AVERAGE TREATMENT EFFECT

Up to now, we have mainly focused on doubly-robust estimation and model-assisted inference
for the function
go(x) =E[Y1 | X =x].

We conclude by noting that we can use a symmetric procedure to obtain model-assisted infer-
ence for the additional conditional counterfactual outcome

So(x) =E[Yp | X = x].

2The sparsity bound (4.11) required for consistent variance estimation can be significantly sharpened if the
researcher is willing to use a cross fitting procedure, using one sample to estimate the nuisance parameters and
another to evaluate the alPW signal. This is because one could more directly follow Semenova and Chernozhukov
(2021) and control alternate quantities with bounds that converge more quickly to zero.
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To do so, we use the alternate a[PW signal

Yo(ﬂo,m0)=(1_D)Y ( 1-D

1-m02) \T=m(@2) ~ 1) mo(Z)

where as before the true value for 7}(z) = Pr(D = 1| Z = z) butnow m}(z) = E[Y | D =0, Z =
z]. To estimate these nuisance models we again assume a logistic form for the propensity score
model 119(z) = 7(z; ) and a linear form for the outcome regression model m(z) = m(z, a°) as
in (2.6) and use a separate estimation procedure for each basis term in our series approximation
of Jo(x). The estimating equations we use to estimate each 7/;) and a? differ from those in

(2.7)-(2.8) however, and are instead given
7} = argmin By[p;(X){(1 = D)e’™ = Dy'Z} + Ay llyll

52? = argmin E,[p;(Z)(1 - D)e?}) Z(Y - a'Z)?))2 + Ao jllallr
a

which under the natural analog of Assumption 3.1 converge uniformly to population minimiz-
ers:

7] = argmin E[p;(X){(1 - D)e?”'? - Dy'Z}]
Y

& := argmin E[p,(Z)(1 - D)e’) (Y - a'Z)?]
o

Letting 779 j(z) = 7t(z, )7;.)), and rmy,j(z) = m(z, 5(?) we can repeat the decomposition of Section 3,
expressing Y (i, 119 ) as functions of the parameters )7](.) and 54? and show that the first order

conditions for ¥ and 54? directly control the bias passed on to the second stage nonparametric

estimator for $o(x). Convergence rates and validity of inference then follow from symmetric
analysis of the results in Sections 3 and 4. Combining estimation and inference of the two con-
ditional counterfactual outcomes then gives a doubly-robust estimator and inference procedure
for the CATE. To perform inference on the CATE we can use the variance matrix

Q= Qo+ Q1 —20
where )y is as in (4.3) but (O and €, are given

Q1 = Q'E[{pF(x) o efH{pF(x) 0 ef}1Q7

QO = Q'E[{p"(x) 0 e Hp"(x) 0 €5}1Q7" oy

where e’(;,j = Yo(7o,j, mo,j) — Zo(x) and e’é = (615,1' e, el(;,k)l' These matrices can be consistently
estimated using their natural empirical analogs as in (2.12).

6 EMPIRICAL APPLICATION

We apply the model assisted estimator to estimate the effect of maternal smoking on infant
birthweight conditional on the age of the mother. We use the Cattaneo (2010) dataset which
can be found online on the Stata website.! The dataset describes each infant’s birthweight in
grams, Y, whether or not the mother smoked during pregnancy, D = 1 indicating smoking,
and a number of covariates containing information on the mother’s health and socioeconomic
background, Z = (X, Z1), where X represents the conditioning variable, maternal age. The

IThe dataset can be downloaded here.


http://www.stata-press.com/data/r13/cattaneo2.dta
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dataset includes a base of 21 control variables. We additionally construct quadratic powers
and interactions of continuous control variables to generate an additional 29 control variables
so that in total d, = 50. A full summary of the data used as well as additional details/analysis
from our empirical analysis can be found in Appendix F.

We compare the model assisted estimator of the CATE against one where standard MLE and
OLS loss functions are used to estimate the first stage propensity score and outcome regression
models, which is an implementation the CATE estimation procedure proposed by Semenova
and Chernozhukov (2021). We also qualitatively compare our results to both Zimmert and
Lechner (2019) and Fan et al. (2022), who use a kernel based approach to estimate the CATE of
maternal smoking on infant birthweight with this exact dataset. While this sort of comparison
is not perfect since we do not know the true DGD, this setting is advantageous for analysis since
we strongly expect that (i) the effect of smoking on birthweight will be negative and (ii) this
effect should grow stronger in magnitude as the age of the mother increases. These hypotheses
have been corroborated by other work that examines the conditional average treatment effect
in this setting (Zimmert and Lechner, 2019; Fan et al., 2022; Abrevaya, 2006; Lee et al., 2017).

6.1 EmpriricaL Resurrs

Figure 6.1 displays our main results from implementing both the model assisted and standard
MLE/OLS estimation procedures. After removing the top 3% and bottom 3% of smoker and
non-smoker birthweights by maternal age, we select the penalty parameters for the first stage
models via the bootstrap procedure described in Section 4. The pilot penalty parameters are
uniformly taken to be equal to zero, so that the residuals used in the bootstrap procedure are
generated from non-regularized estimations. We take cgp = 2 in (2.17) and select the first stage
penalty parameters using the 90, 85", and 80" quantiles of the bootstrap distribution. For
the second stage basis functions we implement second degree b-splines with 3 knots via the
splines2 package in R (Wang and Yan, 2021).

Consistent with prior work, both estimators of the CATE suggest that the effect of smoking
on birthweight becomes more negative with age. Both estimation procedures also generally
produces negative estimates for the CATE, but it should be noted that for the lowest levels of
penalization the model assisted CATE estimate suggests a slightly positive effect of smoking for
particularly young mothers, though this difference is not significantly different from zero. The
shapes of the estimated functions remain relatively stable under various sizes of the penalty
parameter, though the model assisted procedure is more sensitive to the level of regularization
introduced.” Overall, the magnitude of the CATE estimates produced by the model assisted
estimator seem to be more reasonable those produced by the standard estimator.

For the most part, the effects found here are similar to those found in both Zimmert and
Lechner (2019) and Fan et al. (2022), though the effects estimated using standard first stage loss
functions have somewhat larger magnitudes and in general both series estimation procedures
seem to give less reasonable results on the boundaries. Reassuringly, the point estimates of
both Zimmert and Lechner (2019) and Fan et al. (2022) seem to be within the doubly-robust
95% uniform confidence bands generated using the methods proposed this paper. Both the
doubly-robust uniform and pointwise confidence bands appear to be wider than those found
in Zimmert and Lechner (2019) and Fan et al. (2022), though this could be explained by the fact
that the doubly-robust confidence bands are accounting for potential misspecification of the
first-stage models.

As a robustness check, we also try estimating the treatment effect via second degree splines

2Numerically solving the minimization problems in (2.7)-(2.8) also typically requires more iterations to converge
than solving the standard MLE/OLS minimization problems.
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Figure 6.1: CATE of maternal smoking estimated using model assisted estimating equations
(left) and standard MLE/OLS estimating equations (right). Top row uses the 90th quantile of
the bootstrap distribution to select the penalty parameters, second row uses 85" quantile, and
final row uses the 80t quantile. Second stage is computed using b-splines of the second degree
with 3 knots. 95% pointwise confidence intervals are displayed in blue short dashes and 95%
uniform confidence bands are displayed in long red dashes.
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with five knots and first degree splines with seven knots. These results are displayed in Fig-
ures 6.2 and 6.3, respectively. Again, we find that the effect of smoking on child birthweight
is almost uniformly negative regardless of estimation procedure used or choice of penalty pa-
rameter. The shape of the estimated CATE function remains fairly stable under both alternative
specifications. Again, the confidence bands from the model assisted procedure remain larger
than the confidence bands from the standard procedure. However, the in the first degree spline
specification the uniform confidence bands for the standard procedure suggest a significantly
positive CATE for some values of maternal age; an implausible result.

Finally, Table 6.1 reports the smoothed average treatment effect estimates taken from averaging
the model assisted CATE estimates from Figure 6.1 across observations. Again, these estimates
are in line with prior work

Table 6.1: Smoothed Model Assisted ATE Estimates
Bootstrap Penalty Qt. | 90t g5t 8oth
Implied ATE -163.257 -222.431 -207.827

7 SIMULATION STUDY

We investigate the finite-sample performance of the doubly-robust estimator and inference
procedure via simulation study. We find that our proposed estimation procedure retains good
coverage properties even under misspecification.

7.1 SmmuLATION DESIGN

Observations are generated i.i.d. according to the following distributions The error term is
generated following € ~ N(0,1). The controls are set Z; = (Z1;, X;) € R% where d, = 100,
X ~ U(1,2), and the independent regressors Z are jointly centered Gaussian with a covariance
matrix of the Toeplitz form

Cov(Z1,j, Z1x) = B[Z1;Z1 ) =27VH, 3<j,k < d..

To capture misspecification, we let Z be a transformation of the regressors in Z; where Z}L =

Z;+max(0,1+ Z]-)2, Vj=3,...,d;. Tomodel sparsity we use s = 12 regressors in Z = (Z1, X)
directly enter the DGP.

(S1) Correct specification: Generate D given Z from a Bernoulli distribution with Pr(D = 1|Z) =
{1+exp(p1 — X -05X2-y'Z)} tand Y = D(1+ X +0.5X? + y'Z1) + €.

(S2) Propensity score model correctly specified, but outcome regression model misspecified: Generate
D given Z asin (S1),but Y = D(1+ X + 0.5X? + y'Z}) + .

(S3) Propensity score model misspecified, but outcome regression model correctly specified: Generate
Y according to (S1), but generate D given Z from a Bernoulli distribution with Pr(D =
11Z) = {1+ exp(p2 — X - 0.5X? +y’ZH)}~1.

where the constants p; and p, differ in various simulation setups but are always set so that
the average probability of treatment is about one half. To consider various degrees of high-
dimensionality, we implement N € {500,1000} with d, = 100. Results are reported for S =
1,000 repeated simulations.
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Figure 6.2: CATE of maternal smoking estimated using model assisted estimating equations
(left) and standard MLE/OLS estimating equations (right). Top row uses the 95th quantile of
the bootstrap distribution to select the penalty parameters, second row uses 90" quantile, and
final row uses the 85" quantile. Second stage is computed using b-splines of the second degree
with 5 knots. 95% pointwise confidence intervals are displayed in blue short dashes and 95%
uniform confidence bands are displayed in long red dashes.
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Figure 6.3: CATE of maternal smoking estimated using model assisted estimating equations

(left) and standard MLE/OLS estimating equations (right). Top row uses the 9
the bootstrap distribution to select the penalty parameters, second row uses 9

5th
Oth

quantile of
quantile, and

final row uses the 85" quantile. Second stage is computed using b-splines of the second degree
with 5 knots. 95% pointwise confidence intervals are displayed in blue short dashes and 95%
uniform confidence bands are displayed in long red dashes.
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7.2 ESTIMATORS AND IMPLEMENTATION

For the second stage basis, we use second order b-splines basis with k = 5. B-splines are
implemented from the R package splines2 (Wang and Yan, 2021), which uses the specification
detailed in Perperoglou et al. (2019). In the tables below, we refer to our method as DR-DML
(doubly-robust double machine learning).

We compare our proposed estimator and inference procedure to one corresponding to that
of Semenova and Chernozhukov (2021), which projects a single alPW signal onto a growing
series of basis terms. In implementing this DML method, we use the standard ¢;-penalized
maximum likelihood (MLE) and ordinary least squares (OLS) loss functions to estimate the
first stage propensity score and outcome regression models, respectively.

Estimation error is studied for the target parameter go(x) = E[Y|D =1, X = x] over a grid of
100 points spaced across x € [1,2], i.e. the support of X. We study average coverage across
simulations of each method’s pointwise (at x = 1.5) and uniform confidence intervals. To
compare the estimation error for the target parameter g(x) across the two different estimators
2s(x) for each simulation s = 1,..., S, we utilize integrated bias, variance, and mean-squared
error where §(x) = 7135, 2u(x),

1
tBias” = [ (3(1) - go(r)2e,

S 1
IVar = §71 2.(x) — 3(x))?dx,
r=s57)) /0 (& () - 3(x))Px

S 1
IMSE =57 )" [ (3(3) - golw) P
s=1 0

7.3 SIMULATION REsuLTs

Table 7.1 presents the simulation results for all three specifications (51)-(S3) for n = 500 and
n = 1000. Integrated squared bias, variance, and mean squared error are presented in columns
(1)-(3), respectively. Pointwise and uniform coverage results are presented in columns (4)-(7).

One can see that both the pointwise and uniform coverage rates of the doubly-robust confidence
intervals are consistently closer to their nominal values than those of the standard confidence
bands, which tend to be conservative. Suprisingly, this is the case even when both first-stage
models are correctly specified, which we suspect is due to the more robust form of our standard
error estimates. The improvement of coverage properties is particularly notable when looking
at the 90% uniform confidence bands. The standard confidence bands are quite conservative
in this case, covering the true function with nearly 97% in all setups. Comparatively, while
the doubly-robust confidence bands can be slightly conservative, their coverage probability is
much closer to the nominal 90% value.

Interestingly, these improved coverage properties do not seem to be due to reduced integrated
mean square error of our estimate. Compared to that of the standard “DML” estimator, the
integrated mean squared error of our proposed estimator is comparable but consistently higher.
Again, this suggests that the improvement in coverage properties of our proposed estimator
seem to be due to accounting for potential misspecification when constructing standard errors.

Our findings should not be interpreted as a critique of the Semenova and Chernozhukov (2021)
benchmark method, whose work we rely on and were inspired by.
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Table 7.1: Simulation study.

DGP  Estimator | IBias? IVar IMSE | Cov90 Cov95 UCov90 UCov95
(1) () 3) (4) () (6) ()

K=5, n=500, d, = 100
1) DML 0.011 0243 0254 | 0951 0.984 0.977 0.986
DR-DML | 0.052 0269 0.321 | 0929 0.968 0.923 0.946
2) DML 0.007 0.225 0.252 | 0938 0.965 0.977 0.987
DR-DML | 0.014 0322 0.336 | 0.894 0.936 0.903 0.928
3) DML 0.010 0.243 0.253 | 0944 0.981 0.971 0.985
DR-DML | 0.052 0265 0.317 | 0922 0.964 0.923 0.944

K=5, n=1000, d, = 100
1) DML 0.003 0.126 0.129 | 0946 0.976 0.978 0.988
DR-DML | 0.028 0.134 0.162 | 0915 0.961 0.921 0.956
2) DML 0.015 0.135 0.150 | 0.909 0.951 0.962 0.978
DR-DML | 0.011 0.155 0.166 | 0.903 0957  0.923 0.948
(3) DML 0.005 0.131 0.136 | 0939 0977  0.962 0.984
DR-DML | 0.034 0.142 0.176 | 0.903  0.958 0.905 0.935

Note: DGP refers to the three various data generating processes introduced above.
IBias?, TVar, and IMSE refer to integrated squared bias, variance, and mean squared
error, respectively. Cov90, Cov95, UCov90, and UCov95 refer to the coverage proportion
of the 90% and 95% pointwise and uniform confidence intervals across simulations. K
refers to the number of series terms, N to the sample size, and d; to the dimensionality
of the random variable Z.

8 ConNcLusioNn

Estimation of conditional average treatment effects with high dimensional controls typically
relies on first estimating two nuisance parameters: a propensity score model and an outcome
regression model. In a high-dimensional setting, consistency of the nuisance parameter es-
timators typically relies on correctly specifying their functional forms. While the resulting
second-stage estimator for the conditional average treatment effect typically remains consistent
even if one of the nuisance parameters is inconsistent, the confidence intervals may no longer
be valid.

In this paper, we consider estimation and valid inference on the conditional average treatment
effect in the presence of high dimensional controls and nuisance parameter misspecification.
We present a nonparametric estimator for the CATE that remains consistent at the nonparamet-
ric rate, under slightly modified conditions, even under misspecification of either the logistic
propensity score model or linear outcome regression model. The resulting Wald-type confi-
dence intervals based on this estimator also provide valid asymptotic coverage under nuisance
parameter misspecification.
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A Proors rFor Resurts IN MaIN TexT

Here we provide proofs of the main results in Sections 3-4. The proofs for Section 4 rely on
an assortment of supporting lemmas proved in Appendix C. These proofs ignore the general
misspecification error allowed for in Lemma 3.1 but modifications of the proof that accomodate
this are available on request; the strategy for allowing for this misspecification is the same as
in Chernozhukov et al. (2022).

A.1 Proors rForR MAIN FirsT STAGE RESULTS

Proor or LEmma 3.1

The proof of Lemma 3.1 relies on a series of non-asymptotic bounds that are established in
Online Appendix Lemmas C.1 and C.2 that hold on % _, Qy ,, and depend on the quantity

/_\k = M&k oo llog(iﬁ

where M is a fixed constant. In addition let iij = E, [pj(X)De_yfl'ZlY ~&Z|ZZ'] and Zij =
]Ei}x j and define the event

51 1 T\
Q7= {”Za,]' - Za,j”w < Ak, Vj < k} (A1)
In Online Appendix C.3 we show that Pr(ﬂ;ﬂ) > 1-0(1). Under these events, Lemma A.1,
below provides the bound needed for first statement of Lemma 3.1 while Lemma A.2 provides
the bound needed for the second statement.
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Lemma A.1 (Nonasymptotic Bounds for Weighted Means). Suppose that Assumption 3.1 holds,
& > (co+1)/(co—1), and 2C0v52sk)\k < n < 1. In addition, assume there is a constant ¢ > 0 such

that Agj/Ayj 2 c forall j < k. Then, under the event ﬂ;zl Qp m, there is a constant My that does not
depend on k such that

mave By (X)Y Ry, )] ~ Balpj (XY Gy )| < Mosiy (A2)

Proof. We show that the bound of (A.2) holds for any j = 1, ...,k in a couple steps. To save
notation, define

(e, m) 2= By [py(X)Y (e, m)]
DY D

Step 1: Decompose Difference and Use Logistic FOCs. Consider the following decomposition

R o - B D
wi(m, m;) — wi(wt;, mj) = E[Pj(X){mj(Z) - mj(Z)} (1 - m)]

+E,

pi(X)D{Y ~ mf(Z)}( zZ) n]%Z))]

+E,

D D
pi(X){m;(Z) - m](Z)}( 7i(Z) ﬂj(Z))]
1= 01, + O,j + 03

Notice that 61,j + 03,; = (@] — &;)’E,[pj(X)(1 — D/7;(Z))Z]. By the first order conditions for ;
we have that

[Eulpj(XHZi = DZ/mj (2} < Ay, j VI =1,...,d: = |[Eulpj(XN{Zi = DZi/Tj{(Z)}lleo < Ay -
Applying Holder’s inequality to 61,; + 03,; then gives us that on the event Qy »
61,1 + 03,11 < lla@j = @jllaAy,; < 1@ = ajll Ax.

By Lemma C.2 on the event ﬂ;zl Q,m and under the conditions of Lemma A1, [|a; — aj]| <
M;isiAx where M is a constant that does not depend on k. So

161,) + 03,j] < MysgAT (M.1)

Step 2: Use Outcome Regression Score Domination to Bound 6, ;. Now deal with the term 65 ;. By
first order Taylor expansion, for some u € (0,1)

80,1 = =7 = 73 Eulpi(X)D{Y = j(Z)}e 77 Z)]
+ ()7] - )/]') E, [p]'(X)D{Y — mj(z)}e—u)/]Z (1—u))7;ZZZ/](fy~j _ )7]')/2

= 021,j + 022,

In the event Q1 N Qo N Q3 N Q4 we have by score domination of the linear outcome
regression model and Lemma C.1 that 671 < M(]Sk)\i.

The term 62, is second order. On the event Qo N Q1 where ||)7j -¥illh < MoskAx < Mon/Co
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it can be bounded with
0 < eCNTITINE, [p;(X)De T |Y = i) Z){T/Z - 72}
< MO, [p;(X)De Y — iy (Z)TIZ - 712

This in turn is bounded in a few steps. First note on the event () 7
-y'Z - = =/ I NS by
B~ B)pi(X)De Y — {2712 - 712Y] < Al - A1

By Assumption 3.1 we have that GgE[DlY -mi(Z)| | Z] < G%/Go + Gg so that,
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Blp;(X)De T1NY =iy (Z){/Z - 7/Z}*] < (G3/Go + Go)Elp;(X)De T {7/Z - 7/Z}?].

On the event )y ¢ we have that
(B, — B)lp;(X)De " HTIZ - 71232 < Xl - 7l
Putting these all together gives
Balpi(X)De T |Y — i 2){7(Z - 72}

< Ay = 7ill3 +(G3/Go + Go)Axll 7y = 713
+(G}/Go + Go)Eulp;(X)De 7 {71Z — 7/ Z}]

(M.2)

To bound (M.2) note again that in the event Qg 1 N Q. 5, [| 77 — 7jll1 < MyskAx and that using by

(O.4) in Online Appendix Lemma C.2:
Ealpi(X)De TTIZ ~ 7/2)7] < e Mo Mysi 12,

Plugging these into (M.2) gives

O2,j < eMIMESTAT + eM(GT/Go + Go)MsiA3 + (GT/Go + Go)MosiAs

so that in total 62,; = 621, + 022,j is bouned

(52,]' < MoSk(G%/Go + Go + 1)1% + EMOUM(%S%(G%/GO + Go + 1)/_\i

Step 3: Combine Terms. Putting this together yields
|61,]‘ + (57_,]' + 53,]'| < {M;+ Mo(G%/GO + Go + 1)}Sk/_\i
+eM(GF/Go + Go)MsiA3
Use the fact that spA; < n < 1 to simplify the last term of this expression

|(51,]‘ + 52,]‘ + 53,]‘| <{M;+ Mo(G%/Go + Go + 1)}Sk;\i
+eM(G3 /Gy + Go)MZsi Ak

(M.3)

(M.4)

(M.5)

(M.6)

This gives the result (A.2) after taking My = M; + MQ(G.{GO +Go+1)+ eMo”(G%/GO + GO)MS.

O

Lemma A.2 (Nonasymptotic Bounds for Variance Estimation). Suppose that Assumption 3.1 hold,
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& > (co+1)/(co — 1), and 2Covy?siAx < n < 1. In addition, assume there is a constant ¢ > 0 such

that Aa,j/Ay,j 2 c forall j < k. Then, under the event manl Ok m, there is a constant M3 that does not
depend on k such that

max Enlp3(X)(Y (), i) = Y (R, mj)*] < Ma&f siAy (A3)
Proof. We show the bound holds for each j =1, ..., k. We start by decomposing

o o ~ ) D
PO (1), mj) = Y (7, 1)) = pi(X){inj(Z) - mf(Z)}(l - m)

_ 1 1
+p;j(X)D{Y - m](Z)}(% - ﬁj(Z))

—~ D D
P02 2} 0 - =2
PRSI  7@)

= 51,]' + 52,]‘ + 53,]‘
We will use the fact that (a + b + ¢)? < 4a® + 4b* + 4c? to bound

B [p?(X)(Y (), ) = Y(Rj, 117))*] < 4B, [8] ]+ 4B, [53 ] + 4B, [83 ]. (V.1)

To bound En[Sz,]-] use the mean value equation (O.2) in Online Appendix Lemma C.2 and the
lower bound on g;(z) from Assumption 3.1

B[53,] = BulpAODIY ~ (P17, (2) - 7 ()]
< e (14 eI ) B, [y (0D (Y ~ iy (2)V(3(2) - 2]

Applying (O.8) in Online Appendix Lemma C.2, Online Appendix Lemma C.1, and skAk <
n < 1 there is a constant M; that does not depend on k such that in the event ﬂ;zl Q1 this is
bounded

< M1 ooSikA] (V.2)

To bound E,[53 ;] write ﬁ].‘l(Z) - ﬁj‘l(Z) = e T T

8j(z) from Assumption 3.1:

— 1} and use the lower bound on

Ex [(%j] = En[P?(X)D{ﬁj(Z) - 77_1]'(2)}2{7?}1(2) - 7:lj_l(Z)}2]
< Epoeoe B (1 + ec(’”?f‘?f”l)zEn [pi(X)e T {ii(Z) - i) (2)}]

Applying Online Appendix Lemma C.2, there is a constant M, that does not depend on k such
that on the event ﬁ6m:1 Q. m this is bounded

< Ma&j ooSiAs (V.3)
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Finally, to bound E,, [62 ;] again use the lower bound on gj(z) and decompose

Eal33 ] = Blp2(i(2) - i(2)}*(1 - D/7;(2))]
< &2 (1+ e PR, [{ii(2) - i1(Z)1]
<&@ (1+ePPCa, - a2

Again on the event ﬂ?n:l Ok, apply Online Appendix Lemma C.2 this is bounded, for some
constant M3 that does not depend on k by

< Ms&; o sihp (V4)

The result (A.3) follows by collecting (V.1)-(V.4). O

A.2 Proors or MAIN SECOND STAGE REsuLTs

The proofs for Section 4 closely follow those of Belloni et al. (2015) with some modifications
to deal with the various error terms. They also rely on some additional second stage results
proved in Online Appendix D .

Proor oF THEOREM 4.1

Equation (4.5) follows from applying (4.4) with a = p(x)/||p(x)|| and (4.6) follows from (4.5).
So it suffices to prove (4.4).

Forany a € S¥1,1 < ||a’Q'?|| because of the conditional variance of éjz is bounded from below
and from above and under the positive semidefinite ranking

Q> Q> d*Q7h
Moreover, by condition (ii) of the theorem and Lemma D.2, Ry,(a) = 0,(1). So we can write

\/_ ’
|| Q12|

Z Tl @1/2||{P (x) o (X + i)}

Via'(B-B) = GulpF(x) o (€5 +1i)] + 0,(1)

Goal will be to verify Lindberg’s condition for the CLT. Throughout the rest of the proof, it will
be helpful to make the following notations. First, for any vector a = (ay,...,ax) € Sk-1 et
la| = (|ai],...,|ax]) and note that |a| € S*~1 as well:

o’ 1k -
=————, wy:=1a|p"(x), and & := sup |e€j]
Villa, Q2] ’ 1<jsk

Now, by the definition of Q we have that

~/

Var Z\/_” ’Q1/2||{p (x)o (6 +7r)} | =
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Second for each 6 > 0
n

Z E
i=1

n
<>E [a)flE (&2 1{|wnl & + feck] > 6} | X = x]] (A4)
i=1

(@, {p"(x) o (& + O} PL{d P ) o (¢ + )] > o]

What we are using here is the following. Suppose a is a nonrandom vector in R¥, 2 is a
(positive) random vector in R¥ and b is a random vector in R¥. Then,

k k
{a'(@ob)} = > ajajb; < bl Y lajla; = (a'a)]bw. (A5)
j=1 j=1

To bound the right hand side of (A.4) use the fact that 1 < || a’QY?|| because 1 < g% and
Q>0 > QZQ_l
in the positive semidefinite sense. Using these two we have

nElwa|* < E[(lal’p"()*]/(a'Qa) < 1.

By the bounded eigenvalue condition and using the trace operator:

E[(|alp*(x))*] = trace(Ellal'p*(x)p* ()l al]) = lal'Qllal < llall =1

Further note, |wyi| < % Using (a + b)? < 2a® + 2b?, the right hand side of (A.4) is bounded by

2nE[|wn|*€ 1{|Ek| + beck > /lwal}] + 2nE[|wn|* € ci1{|Ek| + beck > &/l wal}]
and both terms converge to zero. Indeed, to bound the first term note that, for some ¢ > 0:
2nE[|wn|*€ 1{|Ek| + beck > /|wal}] < nE[|wnl*] sup E[E31{&} + feck > coVn /&) | X = x]
xeX

=0(1)

where here we use the first part of Assumption 4.1(iv). To show the second term converges to
zero, follow the same steps as for the first term, but apply the second part of Assumption 4.1(iv).

Proor or THEOREM 4.2

We apply Yurinskii’s coupling lemma (Pollard, 2001)
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Yurinskii’s Coupling Lemma

Let &1, ..., &y be independent random k-vectors with E[&;] = 0 and B := X7, E[l&il1°]
finite. Let S := & +--- + &,. For each 6 > 0 there exists a random vector T with a
N(0, var(S)) distribution such that

| log(1/B)|

P(lS—T|>36)§COB(1+ p

) where B := gk673 (YC)

for some universal constant Cy.

In order to apply the coupling, we want to consider a first order approximation to the estimator
Y
— > &, G=Q7 PR (x) o (X + 1),
\Zh=

When Ry, = 0,(a;') a similar argument can be used with {; = Q~12pk(x) o (e* + r¢) replaced
with Q71/2pk(x) o €k, As before, the eigenvalues of Q are bounded away from zero, therefore

ElGIP < Elllp*(x) o (€5 (x) + ro)lI°]
< ElllpF IR &l + 1))
< BlIp*)I1P135; + €]
< Elllp*IP1Ex(53 + £3c3)

< k&k(5} + Gc})

Therefore, by Yurinskii’s coupling lemma (YC), for each 6 > 0,

C nk?& (53, + £3¢3 log(k3&, (63 + £3¢3
Pr ||ZC1'/\/E—N;<I| > 36a,' } < a Kk g(k><k(Gy + c}))
i=1

(' Vn)® k
=3, 033
y ayk*Er(G]) + ey ( . logn) R
~ 53nl/2

because a%k?&x (63, + l’i’ci) log2 n/n — 0. Using the first two results from Lemma D.3, (D.6)-

(D.7), we obtain that
Ve B~ ) — aley QN < [11/3 D al(x)QY2C; - a(xY QYN + Riy = 0y(a3").
i=1

uniformly over x € X. Since ||a(x)’ Q'72|| is bounded from below uniformly over x € X we
obtain the first statetment of Theorem D.2 from which the second statement directly follows.

Finally, under the assumption that sup, _ nY/?|r(x)|/||s(x)|l = op(a;}),

\/np(x)’(ﬁk - Bk ~ Vn(g(x) — go(x)) = 0,(ah)
B sl ~

so that the third statement, (4.9) holds.
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Proor oF THEOREM 4.3

Preliminaries for Proof of Theorem

Lemma (Symmetrization). Let Z1, ..., Z, be independent stochastic processes with mean zero
and let €1, ..., €, be independent Rademacher random variables generated independetly of the
data. Then

(1, (11X .
E CD(EH ; eiZi”T) <E q>(|| ; Zi||7_~) <E <D(2||ei(Zi - Hi)“?‘)’ (5D

for every nondecreasing, convex ® : R — R and arbitrary functions u; : ¥ — R.

For p > 1 consider the Shatten norm S, on symmetrix k X k matrices Q defined by

IQlls, = (Z;{:l |/\]-(Q)|”)1/7” where 11(Q), ..., Ax(Q) are the eigenvalues of Q. The case
p = oo recovers the operator norm and p = 2 recovers the Frobenius norm.

Lemma (Khinchin’s Inequality for Matrices). For symmetric k X k matrices Q;,i =1,...,n,
2 < p < o0, and an i.i.d sequence of Rademacher random variables €1, . . . , €, we have

1/2 1/ 1/2
“ (BalQ?) || < (BeliGules@illl) < cvﬁH(En [02) (KI-1)
Sp
where C is an absolute constant. So, for k > 2,
EelllGnuleiQilll] < C/log kIl (B [QZ])/2| (KI-2)

for some (possibly different) absolute constant C.

We will establish consistent estimation of

£ = E[{p"(x) o (" + r)H{p"(x) o (" +r)}']

using
T = E[{p*(x) o & Hp" () 0 &}']

Consistency of Q will then follow from the consistency of Q established by Lemma D.1. To
save notation, define the vectors

Y (71, i) Y (71, 1m1)

and Y := : (A.6)
Y (T, k) Y (7, k)

=)
i

Also define é¥ := (e"l‘, cee, é’;) so that é;.‘ := Y(7tj, 1m;) — g(x). Ideally, we would like to use ¢k to

estimate E, but we don’t observe ¢, Define A := ek — ¢k = YK — Yk ¢ Rk,
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Using this, we can decompose

L = B, [{p*(x) o (A + é)HpH(x) o (A + €M}
= Eu[{p"(x) 0 AH{p"(x) 0 AY]+Eu[{p*(x) 0 €}{p"(x) 0 A}']

o1 T (A7)
+ B [{p*(x) o A}H{p*(x) 0 éV T+ Eu[{p*(x) 0 €} {p*(x) 0 €5}
X3 T4

We first show that || Z4 — Z|| — 0. This is nonstandard because of the Hadamard product.

Lemma A.3 (Psuedo-Variance Estimator Consistency). Suppose Assumption 4.1 and Assump-
tion 4.2 hold. Further, define v, = E[maxi<i<n |Ex|?]V/%. In addition, assume that Ry, + Ry, <
(log k)Y/2. Then,

—~ ézlogk
1Q - Qll sp \|=— = 0(1)

Elogk
and || L4 - Z|| <p (0n V1+€kck)\/ k ng

Proof. The first result is established by Lemma D.1 (Matrix LLN). Rest of proof will follow proof
of Theorem 4.6 in Belloni et al. (2015). Like in (A.7) we can define A = é¥ — e* = g(x) — g(x)"
and decompose
Ty = B, [p" (0)p“ () A1+ Bu{p" (x) o (" + r)Hp"(x) - AY']
T Lp

+Ea[{p"(x) - AH{p"(x) 0 (" + r)} T+ Eal{p*(x) 0 (" + re) Hp"(x) o (" + re)}]

Z'43 244

The terms Y41, Y4 and Y43 are simple to show are negligible.

241 + Zg2 + X3
< NEal{p* () (B* = B PF p ()TN + 1Ea[{pF (x) © (€5 + ri) b pF (x) {pF (x) (B* = BOMI
+ | Eu[p* (e){p* (x) (B = BYHP () o (e* + )}l
< max |p ()" = BB P @p )l

G- . k " _ k k ’
+2 max €| +|rii| max |p=(x)'(B = B)IIEa[p" (x)p" (x)]l
By Theorem D.2 | maxi<i<y |pk(x)’(‘§k - ﬁk)| <p éi(yllog k + Ry, + Rpy)?/n, by Assumption 4.1

the approximation error is bounded maxi<;<y |7x,i| < fkck, by Assumption 4.2 and Markov’s
inequality the errors are bounded maxi<i<y |k i| $p 3. Finally, by the first part of Lemma A.3

I é” <p ||Q|l < 1. Putting this all together with Ry, + Ra, < (log k)12 and Ei logk/n — 0 gives

éi log k
|41 + Zap + X3l <p (4 V 1+ beck) pa—

11t is useful to recall that ¢k = Y¥ — 2(x) and ek =Yk - go(x)
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Next, we want to control 44 — . To do this, let 1, . .., 1, be independent Rademacher random
variables generated independently from the data. Then for n = (11,...,14)

E[|Eal{p*(x) o (" + ri) Hp"(x) o (" + re)}'1 - =]
S E[E U[E In{p*(x) o (" + r)Hp*(x) o (X + ro)}II1]
k
E[(HEn 1PN (Ex + i) {p*(x) 0 (€F + 1) Hp*(x) o (€5 + )} 1IN?]

2logk

E[maXIsz+rk|(IIEn[{Pk(x) o (e" + r)Hp () o (e +r)} 1IN

52 log k

TT

(E[max |€x,; + 7] DY x BB {p*(x) o (" + re)Hp (x) o (€F + r)} NN

1<i<

where the first inequality holds from Symmetrization (SI), the second from Khinchin’s inequal-
ity (KI-1), the third by maxi<;< || pk(x)|| < & and the fourth by Cauchy-Schwarz inequality.

Since for any positive numbers a,b and R, a < R(a +b)"/? implies a < R? + RV, the expression
above and the triangle inequality yields

E[IEA[{p"(x) o (" + r)H{p*(x) o (" + re)}'] ~ ZIl]

52 log k 2

1/2
2 2.2 Silogk 5, 1/2
(v +ecy) + - {vy + bce 1|

and so, because ||Z|| < 1and (03 + £2c2)&7 log k/n — 0 we have

2log k
BB, (") o (& + ) pH() o (€5 + 7)1 =TI 5 (0 v 1+ brcihy| S

The second result of Lemma A.3 follows from Markov’s inequality. m]

Now, we need to take care of the terms

= Ea[{p*(x) o AH{p"(x) o A}']
= Eu[{p*(x) 0 " H{p*(x) 0 A}Y']
= Eu[{p" () 0 AH{p*(x) 0 €"}]

where A = Y — Y¥ and &k = Y* - 2(x) = g(x) — gF(x) + €X. To do so we will use Condition 2.

Lemma A.4 (Negligible Variance Bias). Suppose that Condition 2, Assumption 4.1 and Assump-
tion 4.2 hold. Then
IZ1 + Xo + Xgf| = 0,(1).

Proof. From Condition 2, the term XZ; being negligible immediately follows from Cauchy-
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Schwarz. Notice that

1Zall < k sup [En[pi(X)(Y (R, 1i1r) = Y (7, 1)) pr ()Y (701, mp) = Y (7, 171)) |

1<I<k
1<j<k

< k sup Eulp; (YR}, 1)) = Y (7, )P )V? sup Ealpi(XPP(Y (7, 17) = Y (7, 1)) ")
1<i<k 1<j<k

= 0p(1).

To see that ¥ is negligible notice that

IZall < & sup Enlpi(X)(er + pF(x) (B* = BNp; (Y (R), i) — Y (R, 11))]
1<j<k

<k sup Eulpi(X)(e1 + p*(x)' (B = B)Y1PEaulp (XY (T, iij) = Y (7j, )]

< Epe(max [&x] + max p* () (B = B)Ealpj COPY Ry, i) = Y (7, ) P12
Applying Assumption 4.2 and Theorem D.2 gives

<p kék,oonl/mE[p]-(X)zY(ﬁ]-, m;) =Y (@t;, 771]‘))2]1/2 =0p(1)
where the final line is via Condition 2. Showing negligibility of X3 follows the same steps. O

Proor or THEOREM 4.4

Follows from the exact same steps as Theorem 3.5 in Semenova and Chernozhukov (2021)
after establishing strong approximation by a gaussian process as in Theorem 4.2 and consistent
variance estimation as in Theorem 4.3.

B ExteENnsiON TO A BROADER CrLASs OF MODELS

In this section, we consider extending the general approach proposed in this paper to a broader
class of parameters. In particular, we consider an important subclass of the models considered
by Chernozhukov et al. (2022). Adopting the language of Chernozhukov et al. (2022), let
W € ‘W be a data observation and consider a subvector (Y, D’, Z’) where Y € R is a scalar
outcome with finite variance, D € D C R% represents a vector of treatment variables, and
Z € Z C R*% is a covariate vector. Denote y(d, z) as the conditional expectation

Vo(d;Z):E[Y| D :dIZ :Z]

Let m(w,y) : ‘W x L?(D,Z) — R denote a function of both the data and a potential con-
ditional expectation function y. Following Chernozhukov et al. (2022) we require that the
function m(w, y) is linear in the function y, however we additionally require that m(w, y - f) =
f(z)m(w, y) for any f € L%(Z) and any y € L?(D, Z). While this second requirement is tech-
nically a new restriction, we will see below that still it allows us to consider us to consider
conditional versions of all linear effect parameters explicitly considered in Chernozhukov et al.
(2022). In this framework, the parameter of interest is a function

Oo(x) = E[m(W, po) | X = x] (B.1)

where X € X C R% is a subvector of Z of fixed dimension.

Below, we give some example instances of this general framework. These correspond to
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Examples 1-4 in Chernozhukov et al. (2022).

Example B.1 (Conditional Average Policy Effect). We may consider the effect of changing the
distribution of treatment variables D from a known Fy to another known F;, where D is
exogenously assigned and so independent of Z and yy does not vary with the distribution
of D. In particular, we may be interested in the differential effects of this policy change for
subpopulations described by X. In this case, the parameter of interest is

Bo(x) = B [ / yold, Z)du(d) | X = x|, u(d) = Fy(d) - Fo(d).

Here, m(w, y) = / y(d, z)du(d) and we can notice that m(w, y - f) = f(z)m(w, y).

Example B.2 (Conditional Weighted Average Derivative). Here, let D € R have a marginal
distribution absolutely continuous with respect to Lesbeque measure and let w(d) be a known
weakly positive and differentiable weighting function satisfying f w(u)du = 1. The parameter
of interest here is

6(x) = E [/ a)(u)% du)| X = x

=E[S(U)yo(U,Z)| X = x]

where the equality follows from integration by parts for S(u) = —w’(u)/@(u) and U represents
a continuously distributed random variable independent of Z distributed with pdf w(u). Here,
m(w,y) = s(u)y(u,z)is linear in y and satisfies m(w, y - f) = f(z)s(u)y(u, z). If the outcome Y
is generated through a potential outcomes model, Y = Y(D) for a potential outcome stochastic
process Y(d) that is independent of the treatment D conditional on covariates Z, the parameter
Op may be interpreted as a weighted average of dY(d)/dd, weighted according to w(d), conditional
on baseline covariates X (Imbens and Newey, 2009). By taking a series w(-) placing increasing
mass near a particular treatment vale d, this could be used to obtain a consistent estimator
and inference procedure for the conditional average treatment effect for a particular treatment
value d.

Example B.3 (Conditional Average Treatment Effect). In this example, considered in the main
text of the paper, we deal with a potential outcomes framework where D € {0,1} and Y is
generated according to Y = DY(1) + (1 — D)Y(0). The potential outcomes (Y(1),Y(0)) are
assumed independent of D conditional on the covariates Z and the parameter of interest is

Bo(x) =E[Y(1) - Y(0) | X = x]
= ED/O(l/ Z) - VO(O/ Z) | X = X]

Here, m(w,y) = y(1,z) — y(0, z) satisfies m(w,y - f) = f(z)m(w,y) for any function f(z).
Departing from the treatment of the conditional average treatment effect in the main text
of the paper, but following Chernozhukov et al. (2022), the general approach outlined in
this section will essentially assume an approximately linear model for the inverse propensity
score. This will allow us to sidestep using seperate estimating procedures for E[Y(1) | X = x]
and E[Y(0) | X = x], as is done in the main text, but draws the typical downside of using
linear probability models; the estimated inverse propensity scores may be negative for some
observations.

Example B.4 (Conditional Average Equivalent Variation Bound). In this example, the outcome
Y is the share of income spent on a commodity, D = Py represents the price of the commodity,
and Z includes income Z, prices of other goods, and other factors affecting utility. Let p < p be

upper and lower bounds over which the price may vary, k a bound on the income effect, w(z)
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some weight function, and U ~ Unif(p, p) be generated independently of W.

The object of interest is
Oo(x) =B [AU, Z)po(U, 2) | X = x|, Au,2) = 0(2)(p ~ p)Z exp(=x(u - p))

If heterogeneity in preferences is independent of Z and « is a lower bound on the derivative of
consumption with respect to income, then E[0y(X)] is a bound on the weighted average over
consumers of the equivalent variation for a price change of the first good from p to p. The

parameter 6p(x) could then explore heterogeneity in this weighted average equivalent variation
in some demographic characteristic usch as income.

We focus on functions m(w,y) such that the linear functional £, : L*(D,Z) — R,y

E[m(W,y)] is continuous, that is there exists a C > 0 such that |E[m(W, y)]| < C||y||;> where

lvllz2 = VE[(¥(D, Z))?]. In this case, the functional .L,, has a reisz-representer ao(D, Z) such
that for any y € L%(D, Z)

Lun(y) =E[m(W,y)] = Elao(D, 2)y(D, Z)]
In particular, since m(w, y - f) = f(z)m(w, y) for any f € L?>(Z) we have that
E[m(W,y)| Z] = E[ao(D, Z)y(D, Z) | Z]

for any function y € L?(D, Z). Thus, as X is a subvector of Z, we can identify Oy(x) via any of
the equalities below

Oo(x) = E[m(W, yo) | X = x]
= E[ao(D, Z)yo(D, Z) | X = x]
=E[ap(D,Z)Y | X = x]

To allow the dimensionality of the controls, d, to be high-dimensional and/or for machine
learning methods to be used to estimate )y, we combine all of these to obtain an orthogonal
estimating score

Y(w, yo, o) = m(w, yo) + ao(d, z)[y — yo(d, 2))]

and note that the parameter of interest can be identified 0y(x) = E[¢)(W, y9, ap) | X = x]. This
formulation allows for doubly robust identification. Forany y € L*(D, Z)and & # &g € L*(D, Z)
we have that

Oo(x) = E[¢(W, yo, a0) | X = x]
=E[y(W,y,a0) | X =x]
=E[Yy(W, 0, @) | X = x]

B.1 EstiMATION AND INFERENCE PROCEDURE

As in the main text, we will estimate 6y(x) by taking a quasi-projection of the orthogonal score
onto a growing set of basis functions p¥(x) = (p1(x),...,pr(x)) € R, employing seperate
outcome regression and reisz representer estimators (7;(z), &j(z)) for each basis term j =
1,..., k. Departing from the main text, however, we will consider a cross fit approach as in
Chernozhukov et al. (2018); Semenova and Chernozhukov (2021); Chernozhukov et al. (2022).
This will allow us to relax some sparsity assumptions made in the main text, though at the cost
of some additional notational complexity.

To simplify exposition, consider splitting the sample {1, ..., n} into two subsamples of roughly
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equal size; 1 and I such that 1 U1, = {1,...,n}, 1 NI, = 0 and lim,—, | 1]/| 22| = 1. We
will assume that both the outcome regression and reisz-representer have approximately linear
representations in some basis b(d, z) € R%,

vo(z) = b(d,z)TI” and ao(z) = b(d, z)'T1%,

though our inference results will be valid even if one of these models is misspecified. To allow
for a large number of controls, we will allow d, > n and for each split s = 1,2 and basis term
j=1,...,k we conduct a seperate estimation procedure for IT" and I'l* using an ¢;-penalty:

=~ . 1 1 ’ 2 /
I, = arg min g 1;6 pi(Xi) {E(b(Di/Zi) )" — m(W;, b(D;, Z;) H)} + A||TT][

~ ) 11 2
. = — = (X)) (Y; = b(D;, Z;YTI)” + A||TT
Ly =208 min, 7 30 pi(X) (3 = 00y, Z)'T+ Al

We can then define d;,(d, z) = b(d,z)’ﬁs‘j and Vs x(d, z) = b(d,z)’ﬁ;/k. Using these k pairs
of first-stage outcome-regression and reisz-representer estimators define the second-stage esti-
7k
p

mator §(x) = pF(x)’'* where

n™ B2 Tier, DUV P51, 81)
@—1 n! Zs=1 ZiEZ's pZ(Xi)IP(Wir )95,2/ &5,2)

Bt
n Y2 Sier PeXDY (Wi, Ps ke, Gs k)

for é = B,[pF(X)p*(X)'] as in the main text. We estimate the variance of g(x) using o(x) =
|QY2pk(x)|| /vn, where

Q = Q7B [{p"(X) 0 E}{p*(X) 0 €}1Q71

and o represents the Hadamard element-wise product. The vector €* collects the various
estimated error terms; €¢ := (€1, ..., €x)’ for € = ¢(W,yj,a;j) — 0(x). Inference is based on the
100(1 — 17)% confidence bands

[i(x), i(x)] = [0(x) = *(1 = n/2)5(x), O(x) + c*(1 - 1/2)5(x)]

For pointwise inference, the critical value ¢*(1 — 1/2) is taken as the (1 — n/2) quantile of a
standard normal distribution while for uniform inference we take

pk(x)al/Z )

c;(1-1/2) == (1 -n/2)-quantile of sup W k

xeX

where N ;{’ is a bootstrap draw from N (0, Ix).

B.2 FormaL REesurrs

In this subsection, we state high level assumptions under which our first stage estimation
procedure can satisfy Conditions 1 and 2. From there, the validity of the inference procedure
described above follows directly from results in Section 4.
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Foreachj=1,...,k define the population minimizers

a )
1_[]. = argrr}}nE

p;i(X;) {%(b(Di,Zi)IH)Z - m(W;, b(D;, Zz’)'H)}

fI;./ = argn}ilnE [Pj(Xi) (Yi = b(D;, Zi)'H)z]

and their functional analogs, a;(d,z) = b(d,z)’f[}" and y(d,z) = b(d,z)’lzl}/. For each j =
1,...,kletr,(d,z) and ry j(d, z) be approximation errors defined such that
ao(d,z) = b(d, z)’I:I;?‘ +7a,i(d, z)
=aj(d, z) +14,j(d, z)
and  yo(d,z) = b(d, z)’I:[}/ +1y,i(d, z)

= )7](d/ Z) + r)/,j(d/ Z)

If the linear models for the resiz-representer and outcome regression provide a good approx-
imation of the true models, then these approximation error terms will tend to zero. Under
misspecification, however, they may persist even in large samples.

Define the convergence rates for 1_[]0.‘ and H}’ in prediction norm as

~ B} 1/2 ., 1/2
7% = max E [(b(D,Z)'(ng. CTI9)? | J] and r? = max E [(b(D,Z)’(l‘[) T2 | I
1<j<k ] ] 1<j<k s1] ]

1<s<2 1<s<2

Recall the definition of the linear functional £,,(-) : L%(D, Z) — R and the operator norm, || -|| o,

L
I £Lullo= sup |52
yELZ(D,Z) ||y”L2
y#0

Assumption B.1. Suppose that for some constant Co > 0, (i) maxi<j<k || Vil V [Y0llo0 < Co, (i1)
I Lullo < Co, and (iii) Vnkr®r? = o0,(1).

Assumption B.1 is presented similarly to Assumption 5.2 in Navjeevan et al. (2023).

Theorem B.1. Suppose that Assumption B.1 holds. Then

<, 012172

sup |E, [Pj(X) (¢(W,?]~,Z€j) - EU(W/?J'/&J'))
1<j<k

Moreover, ifsuplsjﬁk Elpi(X)ra,j(D, Z)r) (D, Z)] < n=12k=1/2 then

| < n—l/Zk—l/Z

sup |E [Pj(X) (AD(W, Vi @j) — YW, o, ao))

1<j<k

Theorem B.1 allows us to verify Condition 1 under mild conditions on the convergence rate of
the estimators H]?‘ and I—I}/. Importantly, the second statement in the theorem requires only one
of either r4 j(d, z) or ry, ; to be negligible asymptotically.

To ensure consistent variance estiamtion, we next turn to high level conditions under which
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Condition 2 may be verified.

Theorem B.2. Suppose that Assumption B.1 holds. In addition suppose that r’r% <, Ex ook ™2n1m
for m > 2 as in Assumption 4.2. Then

Sp Ek ok 2n7HM

2
sup E, [P?(X) (IP(W, Vi ap) = (W7, 5‘]'))
1<j<k

Moreover, if sup, ;. Elpj(X)ra,j(D, Z)r, (D, Z)] 5 n=12k"1/2 then

< Ep ok 2n M

2
sup E [pf(m (9, 71, ) = 0 (W; 0, a0)
1<j<k

We omit the proofs of Theorems B.1 and B.2 here for brevity but they are available upon request.
They both follow from similar steps as in the proof of Theorem 5.1 in Navjeevan et al. (2023).
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C SuprPORTING LEMMAS FOR FIRST STAGE

Here we provide supporting lemmas and their proofs. We start off with non-asymptotic bounds
for first stage parameters and means.

C.1 NonasymMpTOTIC BOUNDS FOR THE FIRST STAGE

The nonasymptotic bounds for the first stage will depend on certain events. In Appendix C.3
we will show that under Assumption 3.1 these events happen with probability approaching
one. To control sparsity, define S, ; := {j : @ # 0}, S4; = {j : @ # 0}. Recall s; :=
maxi<j<k{|Sy,j| V|84, jl}. Define the scores

Sy,i = Equ[U,,;Z]

C.1
Sa,j =E, [ua,jz] €
With these in mind, we will consider nonasymptotic bounds under the events:

iz i={Ay; < A, Vj < k}

Following Chetverikov and Serensen (2021), the first event is referred to as “score domination”
while the second event is referred to as “penalty majorization”.

Bounds will be established on the ¢; convergence rate of the estimated coefficient vector as well
as on the symmetrized Bregman divergences, Di ].(77]', 7j) and Di ].(Zf i, @j;7;j), defined by

DY (71, 7) = Ba [p 0D T TPy 51z - 7723

P vz, S (C.3)
Da,j(aj,aj;y) =E, [pj(X)De j (a].Z - a].Z) ] .

Lemma C.1 (Nonasymptotic Bounds for Logistic Model). Suppose that Assumption 3.1 holds with
o> (co+1)/(co—1)and 2C0v625k/\k < 1 < 1. Then, under the events Q1 N Qy » defined in (C.2),
there exists a finite constant My that does not depend on k such that

D*(3,3) < MoskA? and Vi — il £ MoskA C4
max &%) oskAy an gjaﬁllyj Vill1 0SkAk (C4)

Proof. We show that the bound of (C.4) holds for each j = 1,..., k. Forany y € R? define
ti(y) =E, [pj(X){De‘V,Z +(1-D)y’Z}]. By optimality of ¥; we must have, for any u € (0,1]:

G (77) + Ay l7ilh < F (=07 + ugs) + 4,00 = )5 + gyl
Using convexity of the f; norm || - [|1, this gives after rearrangment
G (75) - (= w3+ uz;) + Ay ullFilh < Ay jull 7l
Divide both sides by 1 and let u —* 0

Balp;(X)D{e 7% + (1= DYHTIZ = 7{ZH + Ay, 17l < Ay 11711
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By direct calculation, we have that Di j(f/\j, ;) from (C.3) can be expressed

D} (7, 7)) = Bulpj(X)D{e™? +(1-D)H7/Z - 7/Z}1-Bulpj(X)D{e7* +(1-D){7/Z - 7/Z}]
Combining the last two displays yields
D (5, 7)) + Ealpj(X)D{e 7% + (1= D)HTIZ = 7{ZH + Ayl il < Ayl (LD
In the event Q) ; we have that
[Eulpj(X)D{e™7” + (1= DUY'Z = 7'Z}}] < ¢ Ay 17} = Tilla (L2)
Combining (L.1) and (L.2) yields
DY (51, 7))+ Ay 17l < Ay A7+ 6 A 15— Pl

Expanding | yjll1 = Xies, ; 171l + 2igs, ; |71l for y = yj, 7 and applying the triangle inequalities
Vil =17l = 17j1 = 7l for 1 € S, ; and the equality ¥;,; = yj1 — 7;, gives

D)i,,]-(?j/fj) +Ay,j{ Z |71l = Z 1Vig =il + Z 171 —)7j,z|}

leS, i leS, i jeSy.j
— _1 —~ — _1 — —
< /\y,j{ DTl et DL W=+t D 17— Vj,zl}
leS%j IGS%]‘ j¢8%j

Rearrange to get

DY (T, 7+ = gDy D T = il < A+ ) Ay D 1550 = 73l
1¢Sp leS,

Adding (1 — Cal)l%j Zlesm |]7]‘/1 — )7]‘,1| gives

D} (31, 7))+ (=75 = Filli <2455 D 17— 73 (L.3)
ZESY,]'

By Lemma 4 in Appendix V.3 of Tan (2017) we have that for 6; := y; — 7;

1—e%||5; -
1=l (6’2 (5]») (L.4)

o 5. .
0= o m O

By (L.3) and &y > (co + 1)/(co — 1) we have that Zle_fsw 1611 < &o ZIESW' 16j1]. Applying the
empirical compatability condition from Assumption 3.1 to (L.3) then yields

D} (7, 7)) + (1= g Ay 1167111 < 22,1518, j1VA(S/E, 6))'2 (L.5)

Combining (L..4) and (L.5) to get an upper bound on (6;)13 ]')1/ 2 gives

- Coll6/ll1
. 1§ o2 e 2 Collojlln
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Plugging the second bound into (L.5) gives

Coll6jll1
e _-Iyy LS. ‘ 2 -21Q . olej
D} (3, 7)) + (1 - )Ay,]lléjlllsz/\l% 105 < 485 oISyl e
€9y,

The second inequality and Y5, . 16/,] < &0 Xies,; [0, imply 1—e~Cloill < 2CoA,, v %Sy | <
1 s0,

1 — o=Coll3sls

1

_ ~Coll;llu ~Collojlx

= [ e Cldjlhn gy > p=Coldflh > g
Coll ol ./0

Combining the last two displays gives

D} (77, 71) + (1= gy 17 = 7jlln < 42 w32 (1 =)l S, (L.6)
Applying Qy» to bound A,,; < A and noting that |S, j| < s by definition gives (C.4) with
Mo = 4vy'(1-n)
0= 1_651 O
For each j, consider the matrices,
S, = Eulpi(X)De TA(Y — &.2)*22')
@f = EnlPy J (C.5)

~ 7 ,
%y, =Eulpi(X)De™"i”ZZ’]

In addition define £, ; := EX, j and £, ; := EL, ;. For the outcome regression model, we will
consider nonasymptotic bounds under the following additional events:

Qi3 :={Aa,j 2 collSa,jllco, Vi < k}
Qs i={Aaj < Ak, ¥j < k}

Qs = {10, — Zajlleo < Ak, Vj < k}
Qi = {||iy,]' - Z%]'Hoo < )_\k,Vj <k}

(C.6)

Lemma C.2 (Nonasymptotic Bounds for Linear Model). Suppose that Assumption 3.1 holds,
& > (co+1)/(co—1), and 2C0v52sk)\k < n < 1. In addition, assume there is a constant ¢ > 0 such

that Agj/Ay,; = c forall j < k. Then, under the event ﬂgzzl Qv m there is a constant My that does not
depend on k such that

I =~ .5 32 ~ = 3
max DY (a;,&;; Vi) < MisgAs and max ||a; — @il|1 £ MisiA Cc7
max o, (@ @3 V) 15kA% 1S],Skll i — &l 15k Ak (C7)

Proof. We show that the bound of (C.7) holds for each j = 1,..., k. We proceed in a few steps.

Step 1: Optimization Step. Let ¥j(a; 7;) := B, [p]’(X)De_T’/{Z{Y —a’Z}?]/2. Optimality of @j implies
that for any u € (0, 1]:

Z]' (62]-; )7]) - Z]' ((1 — M)ZX\]' +uaj; 5/\]) + Aa,]‘”ajul < /\a,j“(l - u)éZj + uc?z]-||1.
Convexity of the & norm || - ||1 gives

Fj (a]',')’/\j) — (7]‘ ((1 — u)a]' + u&j;y'?j) + /\a,ju”aj”l < Aa,]’u”d’]‘ul.
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Dividing both sides by u and letting u — 0% gives:
—E,[p;(X)De 17 {Y - VZHAZ - A Z ] + Agllajlln < Aall s
Rearranging using the form of Di ; in (C.3) yields:

D} (@), ;7)) + Aa @l < (@ - &)Balpj(X)DeTHY = & Z}Z] + Aagl @il (©O)

Step 2: Quasi-Score Domination and relating y; to ;. For this step, we will use the fact that we are
in the event O 1 N Q> N Qg 3N Qg 5 N Qg 6. Using the expression for D)i/ j()7j, ;) from (C.3) we
find that for some u € (0, 1):

—_~ _ -7 —PIT Ny _,
D} 7, 7) = ~Balp;(OD{e ™" = NF;Z - 772)]
= Bu[pj(X)De T T 2e T (517 — 71 7))
where the second step uses the mean value theorem:
e_??]{Z _ 6—77]'»2 _ e—uj/\]fZ—(l—u))’/]’,Z(?j _ )7])’2 ©02)

In the event Qi1 N Qg > using the bound in Online Appendix Lemma C.1 and the fact that
C0v0_2skAk <1 < 1gives us that

Colly; = 7jll1 < CoMoskAx < Mon. (0.3)

In the event Qf 1 Ny » the bound in (L.6) also gives us that Di ].(?j, Vi) < Mos k/\i i Combining
the above displays then yields

MosA? ;= DY (3}, 7)) = eMVB, [p;(X)De T {71Z - 7 Z}2]. (0.4)

7
Again applying the bound on Col|y; — 7;ll1 (O.3) gives
D} (@), &;;7)) = Ealp;(X)De (@) Z - & 2)"]
= Elp;(X)De 770 2e T @17 - &/ 7)) (0.5)
> E_MonDij((’X\j, aj; )7])
Decomposing the empirical expectation on the RHS of (O.1) gives

(@ - &)Y Bulp;(X)De 7Y - &2} 7] = @ - &) B [p;(X)De Y - &7}2]

o1,/
+EulpjOD{e " - e TAHY - & ZH@Z - &/2)]

82,

By Holder’s inequality, in the event () 3, 61,; is bounded
o1, < cytll@j — &jllira, (0.6)

By the mean value equation (O.2) and the Cauchy-Schwarz inequality, 6, ; can be bounded
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from above by

62 < T B [pi(X)De T Z - &/ 2]

-7 =/ = =/ (07)
x By [p;(X)De Y - & ZYH7IZ - 72}

Using (O.3) the first term in (O.7) can be bounded by eMol The second term is exactly the
square root of Dﬁ j(a i, @;j; 7). The third term is bounded in a few steps. First, in the event () 5
we have that

A i = —r I N -
(En = B)p;(X)De {Y = & ZYHVIZ - 712} ] < A7) - I3
By Assumption 3.1 and Lemma E.6 we have that E[D{Y — &}Z}Z] < G(z) + G% so that:

Elpj(X)De TP {Y - & ZYH7IZ - 7/Z}*] < (Gh + GEp;(X)De TTIZ - 72}

In the event Q) ¢ we have that
(B = B)[pi(X)De {712 = 71232] < ell7 - 7l
and we can bound E, [p ]-(X)De_yi/' Z{?;Z - 77]{Z }2] using (O.4). Putting this together gives
Bulpi(X)De Y - & 2¥H71Z - 71221 < X3 - 7l
+(G3 + GDAly; - 7ill3

+ (G% + G%)e_MO”Mosk/\;].
(0.8)

Applying convexity of v/ and the bounds on || — 7jl|2 in the event Q 1 N Q. from (L.6) gives

627 < {eM(1 + (G2 + G2V (MoAkA,, jsi)? + (G2 + GI)Z(MOSkAJZ/,]‘)l/Z}Dij(ajz a; )

< C{(AkAy, jsp) ' + (Sk/\y,j)l/z}Dij(ajz agyp)'?
(0.9)

where C = max{eMoﬂMé/z(l + Go + Gy), (Gg + G%)Mé/z}. Combining (0.6) and (0.9) gives a

bound on the empirical expectation on the RHS of (O.1).

o, 5z , e .
(@; = &) Ealpj(X)De Y = &1 Z}Z] < 1@} = &jlliAa,

Bound on 61,j from (O.6)

+ C{(Ridy js) + (sid? )Y DY (@, a57)2

Bound on 65 j from (O.9)
(0.10)

For convenience, we will sometimes continue to refer to the bound on 6 ; from (0.9) as simply
(52, j-

Step 3: Express Minimization Constraint in Terms of y; and Simplify. We use the results from Step 2
to rewrite the minimization bound (O.1) from Step 1. Using (O.5) and (O.10) together with the
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minimization bound (O.1) yields
€_M°"D§,j(5j, ai; 77) + Aajll@jlln < e A jlla@) = @jlln + Aajll@jlls + 62, (0.11)

Apply the triangle inequality |aj | > |@;| = |aj; — @;| for [ € S, j and |@} | = |@;,; — &; | for
[ ¢ Sa,j to the above to obtain

e~Mopt (. a;y)+Q-cyhlla; - ajll1 < 274 a1 —a;l + 02,
a,j Gl J
lESa,j

=~ = -~ = ~VIZ~, —/ 23S
Let 6; = aj — a;. We use the form Dij(a]',aj) = Eu[pj(X)De Vi {a].Z - oz].Z}z] = (5].2%-6]- to
expand out

e M55, i57) + (1= g Al < 240 D 18]
1€84,) (0.12)
+ C{(Sk/_\kﬂ%]')l/z + (Sk)\%]')l/z}(5;2%]‘5]‘)1/2

Step 4: Apply Empirical Compatability Condition. Let 63 := C{(sk/_\kA%j)l/z + (skA,,j)1/?} and
D:j = e_MOU((S;iV,]'(S]') +(1- C(;l)/\a,]'”éjul. In the even Qk,1 N lez N Qk,3 N Qk,5 N Qk,6 that
(0.12) holds, there are two possibilities. For &, =1 —2¢¢/{(&1 +1)(co — 1)} € (0, 1] either

2D} < 03,i(07E,,i6)' (0.13)

a,j =

or(1- éz)D;,J. < 2)\(1,]' ZleSa,j |(5]',1|, thatis

D} < (& +1)(co =g Aaj ) 167 (0.14)
ZES(W‘

We deal with these two cases separately. First, if (O.14) holds, then }, 1¢S,, 16j1] < &1 ZIES]-’Z 16
We can apply the empirical compatability of Assumption 3.1 to (O.14) to obtain.

E_MO"((S}iy,j@j) + (1= g Aajllojll < vi(&r + 1)(E1 = DA j(56,E,,;67) 2.
Inverting for (6 ji%jé ],)1/ 2 and plugging in gives
™MDt (G &) + (1 - YA l@; — dilln < MsgA? (0.15)
a,j ir Vi 0 a,jletj it = kg .

where M = eM0(&; +1)(co — Dey 1. Next, assume that (O.13) holds. In this case, we can directly
invert for (6;%, ;6;)"/? to get that

€_M°'7D§,j(5j, a; i) + 1 = cgHAg lla; - ajllh < & C{(skArAy, ) + (SkAg,,j)l/Z}Z (O.16)
Combining (O.15) and (O.16) gives

- ~ = -1 ~ e 12
e MO”Dir].(aj,a]‘;yj) + (1= cg)ajllaj - ajlls < Msed,, ;

-1~ by 1/2 2 \1/2y2 (©.17)
+ &5 C{(skAkAy, ) 7 + (skAS, )77}

Step 5: Apply Penalty Majorization and Bounded Penalty Ratio. Use the fact that A, j/A4,; < ¢! to
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express (0.17) as

D} (@, @;;7)) < eMNIseAL |+ eMET C (sedidy, )2 + (seA2 )2
@ = ajlln < (1= ) MspAa,j + (1= cg) e C{(skAi) /2 + (skhy, )1 2)2
In the event Q> N Q) 3 we have that A, j V Ay ; < Ak, so that the above simplifies to
Di/j(aj/@j}fj) < Mlsk/_\i

~ _ (0.18)
laj — ajlln < MysgAk

for M; = max{eMo1, c=1(1 - cal)‘l}(M + ZeMO’chglé). This completes the result (C.7). O

C.2 NonasymrroTIiC BOUNDS FOR RESIDUAL EsTimMAaTION

We now provide nonasymptotic bounds on the empirical mean square error between the
estimated residuals U), j and Ua ,j and the true residuals

4

U, ;= —pj(X){De 71" + (1 - D)}

C.S8
Ua,j = pj(X)De" (Y - _pﬂmz) 9

These bounds will be shown under the events in (C.2), (C.6), and (A.1) using the results in
Lemmas C.1 and C.2.

Lemma C.3 (Nonasymptotic Logistic Residual Bound). Suppose that Assumption 3.1 and the
conditions of Lemma C.1 hold. Then, in the event Oy 1 N Qo described on (C.2) there is a constant
M, , that does not depend on k such that:

1r£1]ax E, [(l?ly,j - Uy,j)z] < M)/,rék,oosk/_\i. (C.9)

Proof. Consider each j separately. By applying the mean value theorem (O.2) and Lemma C.1,
we can write

Uy, - Uy, ) = Pj(X)2D{€_?f{Z — e T — e
< Ek,oop](X)D{e_)?/’Z — e_?;z}e_)7j{z_u()7f_)7f) Z{')/]Z ')/]Z}
< 5k,m€_BO+M°'7D{e_?;Z - e_?fz}{yjfz _ 5;]’2}
So that

E,[(y j - Uy )] < e BrMong, (B, [pj(X)D{e )1* HYiZ - 7,Z}]

—D (V/ V])
< e PorMong, L siAs

O

Lemma C.4 (Nonasymptotic Linear Residual Bound). Suppose that Assumption 3.1 and the condi-
tions of Lemma C.2 hold. Then, in the event ﬂ6m=1 Qi m, there is a constant M, , that does not depend
on k such that

max E, [(ua] - U, ]) ] < Ma réz 2/_\i (C.lO)

1<]<
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7
7/jZ

Proof. Recall that Cla,j = pj(X)De_yf"Z(Y — E}Z) and U,,; = pj(X)De (Y - d}Z). As an

intermediary, define Uy,j = pj(X)De_?JI'Z(Y - @;Z ). We will show a bound on the empirical

mean square error between ljla,j and U, ; as well as on the empirical mean square error between
L'la,j and U, ;. The bound in (C.10) will then follow from (a + b)? < 2a” + 2b°.

First consider (ﬁa,j - Ua,j)zz
~ - 257 -
E, [(ua,j - ua,j)z] = Enpjz(X)De g ((X].Z - D‘jz)z]
= B, [p(x)De 07 0T D@z - a7y

< Epeoe M E, [py(X)De (@2 - 32)]

-t . 7.5
_Da/]'(aj/a]/yj)

< e*MBOM & oSk AT
Where the last empirical expectation is bounded by Lemma C.2. Next, consider (U, j — Uy, j)*:

Bul(Uaj — U, P] = Balp2(X)D{e 7% = e 742y — /7))
= Eulp?(X)D{e 701 Z - Y)Y - & 2))
< 2eMBoC2ey (Masi Ak Eulpj(X)De 717 (Y — &/ Z)?]
To proceed we assume that Z contains a constant. Thatis Z = (1, Z,, ..., Z;, ). However, this is

not necessary it just simplifies the proof a bit. We bound the final empirical expectation in the
event () 5. In this event we can bound

Balpi(X)De (Y = &2)2] = (B — B)lp;(X)De 71 (Y = & Z)%] + Blp;(X)De "1 (Y = i;(X))?]

< /_\k + ka,ooe_BO(Do + Dl)z.

Combining the above, and using the fact that syAx < 1 < 1 completes the reult.

C.3 ProsasbiLITY BOUNDS FOR THE FIRST STAGE

In this section we establish that each of the events in (C.2), (C.6), and (A.1) occurs under
Assumption 3.1 with probability approaching one.

Lemma C.5 (Logistic Score Domination and Penalty Majorization). Suppose Assumption 3.1 holds
and that the penalty parameter A, ; is chosen as described in Section 2. Then, for n sufficiently large, the
event (. 1 holds with probability 1 — € — p,, , where

py,n = C max

4kn + 4k Mék,oosk,yﬁﬁ 1115(dzn))1/2 (M&éw ln7(dzkn))1/6 1
n? n ’ " In?(d,kn)

- (C.11)

where C, M are absolute constants that do not depend on k. In particular so long as € — 0as n — oo,

this shows that Pr(Qx 1) = 1 — o(1) under the rate conditions of Assumption 3.1.

n

Moreover, with probability at least 1 — % - i—é there is a constant My that does not depend on k such
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that Qy o holds with

/_\k = max{Mz, M4, M5, M6, M7}§k,m

In(d,n)
; (C.12)

where My, Ms, Mg and My are all constants that also do not depend on k described in Lemma C.6 and
Lemmas C.7-C.9. In particular, so long as k/n — 0, Pr(Qk2) =1 —o(1).

Proof. Collecting the logistic nonasymptotic residual bound from Lemma C.3 and the probabil-

ity bounds from Lemmas C.7-C.10 we find that, (eventually) with probability at least 1 — 47" - i—’;:
~ Ek coSk T2 In®(d,n
max E,[(U,,;Z - Uy ;Z)*] < M, ,C3 2 (&=n) (P.1)
1<j<k n
1<i<d,

where M, ; is a constant that does not depend on k. Define the vectors

Wy = (U%1Z’, ceey U%kZ’), S dez
=W W
Wk = (ﬁMZ’, ceey ﬁy,kZ’)’ € dez

= (W, e WYL

Notice by optimality of 71, ..., 7k that Wi is a mean zero vector. Under our assumptions the

covariance matrix Ly = % Yiq E[Wi W/] exists and is finite. Define the sequences of constants

6;,1 = MWCSEk,OOsk,),E% In°(d.n)/n
4k 4k
Proi=5y*a
Then, by (P.1) we have that with probability at least 1 — §,, ,
Pr ([ [(W = WoPlleo > 82 /In%(dn)) < . (2)

Letey, ..., e, beiidnormal random variables generated independently of the data. Define the
scaled random variables and the multiplier bootstrap process

n
S;/n = n 12 Z eiWk,i
i=1
= (S5, S5
and let Pr, denote the probability measure with respect to the e/s conditional on the observed
data. Assumption 3.1 implies that the conditions of (E.1) hold for Z = W) with b replaced by c,
and B, replaced by By = (&k,00CoC u)® V1. Further, via (P.2) the residual estimation requirement
of with 6, and g, replaced by 6, , and 8, .

Let7q, i(a)bethe @ quantile of | ’S\;,j” conditional on the data Z; and the estimates Z:. Theorem E.4
then shows that there is a finite constant depending only on c, such that

| S @) | 5 (Bi 1n7(kdzn))l/6 1
max sup (Pr(|S, || > () — a] < Cmax Byns Oy, , .
15j5ka€(01f)1) = q%] e n hlz(kdz”)

This gives the first claim of Lemma C.5 by construction of A, ;. The second claim follows
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Lemma E.1. For this second claim we will consider the marginal convergence of each U, ;Z as
opposed to their joint convergence (the convergence of Wy). First, notice that condiitonal on the

data, the random vector E, [e U% jZ]is centered gaussian in R%. Lemma E.1 then shows that

Y.l

Tyj€) < 2+ V2 )\/ w;/e) max E,[U] 7]

Furthermore, with probability at least 1 — §,, , — % we have that, forall j =1, ..., k:

max En[u2 211 < czEn[u2 1< 2C3(EAU ] +E, [(u2 —U,,j)]) <4C3&2 CH + 62, /In*(d.n))
1<i<d, , Vs

Under the rate conditions of Assumption 3.1, 63/,,1 /In?(d.n) will eventually be smaller than 1
and so the claim in (C.12) holds with M, = SCSClZI V1. O

Lemma C.6 (Linear Score Domination and Penalty Majorization). Suppose Assumption 3.1 holds
and that the penalty parameters A, j and A, j are chosen as described in Section 2. Then, for n sufficiently
large, the event Q. 3 holds with probability 1 — € — p,,n where:

o | Akt 4k (MEESE, 21n5(dzn))1/2 (Méi,m1n7(dzkn))1/6 ,
Pan = maxXx ,

’ "In%(dkn)

n? n
- (C.13)
where C, M are absolute constants that do not depend on k. In particular so longas € — 0asn — oo,
this shows that Pr(Qx 3) = 1 — o(1) under Assumption 3.1.

n

Moreover, with probability at least 1 — 2 — % there is a constant My that does not depend on k such
that Q. 4 holds with

- In(d,n)

Ak = max{My, My, M5, Mg, M7} &k 00 ” (C.14)

where My, Ms, Mg and My are all constants that also do not depend on k described in Lemma C.5 and
Lemmas C.7-C.9. In particular, so long as k/n — 0, Pr(Qg4) =1 —o(1).

Proof. Apply the same steps as the proof of Lemma C.5 with

02, = M, C3E2 _s222 In*(dzm)/n
4 4
ﬁa,n ==+ —

n  n?

O

Lemma C.7 (Probabilistic Bound on Q5). Let ia,]' and Lo, = Eia,]' be as in (C.5). Under
Assumption 3.1 if

i 2 4E) o0(G2 + GoG1)C2 [Gg log(ds/€)/n + GoG1/log(d- /e)/n]

Then Pr(Qx5) > 1 — 2ke?. In particular, there is a constant Ms that does not depend on k, such that

if Ak > &k oMsnflog(d;/€)/n and ke? — 0 as n — oo then under the conditions of Assumption 3.1,
Pr(Qrs5) =1-o0(1).

Proof. We show that this happens with probability 1 — 2¢2 for each j = 1,...,k. For any
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I,h=1,...,d,, the variable
pi(X)e 7“D{Y - mi(Z)}*Z1Zy

is the product of pk(X)e_);;ZZth, which is bounded in absolute value by ék,mcge‘BO, and
D{Y —m;(Z)}, which is uniformly sub-gaussian conditional on Z. By Lemma E.7 we have:

E [I(ia,j)zh — Eapul*| < %(2£k,ngze'B°Gg)k'2(2£k,ooC(2)e'B°GoG1)2, k=2,3,....
Apply the above and Lemma E.5 with t = log(d?/€?)/n to obtain
Pr (|(ia,j)lh — (ol > 267708, CIGHE + 2€_B°€k,ooC§GoG1\/E) < 2e?/d?.
A union bound completes the argument. |

Lemma C.8 (Probabilistic Bound on (). Let iy,]- and ¥y ; = Ei%]- be as in (C.5). Under

Assumption 3.1 if
Ak 2 EeoV2(e™™ +1)Covlog(d:/e) /1,

then Pr(Qxg) < 1 - 2ke?. In particular, there is a constant Mg that does not depend on k, such that

if Ak > &k oMenflog(dz/€)/n and ke? — 0 as n — oo then under the conditions of Assumption 3.1,
Pr(Qpe) =1—-o0(1).

Proof. Consider each j separately. Forany [, h =1,... ,dz,notel()i%j)lm = |p]'(X)De_7f,'ZZ1Zh| <
Ek o0 Cge‘BU so that (iy,j)lh —(Z%]-)lh ismean zero and bounded in abosulte values by 2 o CSe‘B0 .

Applying Lemma E.3 with Ay > 4§k,ooC§e'30\/log(dz/e)/n yields:
Pr (1S5, = (Sl = A < 262/
A union bound completes the argument. O

Lemma C.9 (Probabilitstic Bound on Q7). Let i}”. and Z}”. = Eiij be as in (A.1). Under

Assumption 3.1 if
Ak > Ereo(GE + GHY2e7BoC2\[log(d. [€) /n,
then Pr(Qx7) > 1 — 2ke?. In particular, there is a constant My that does not depend on k such that if

Ak > Ek,coM7+/log(d;/€)/n and ke?2 — 0as n — oo then, under the conditions of Assumption 3.1,
Pr(Qk7) = 1-0(1).

Proof. We deal with each j term separately. The variables p;(X )3_711' ZlY - mj(Z)|Z,Zy, are uni-
formly sub-gaussian conditional on Z because |pj(X)e_y;ZZ1Zh| < Exoe B0 Cg and D|Y —m;(Z)|

is uniformly sub-gaussian. Applying LemmaE.4for Ax > e 50&; ,C3/8(GZ + G1)?+/log(d-/€)/n
yields

Pr (|(i%j),h — (il = ik) < 2e2/d2.

A union bound completes the argument. |

C.4 ProsasbiLiTY BounDs FOR REsipuaL EsTiMATION

For showing consistent residual estimation, we employ the following two lemmas.



ADDITIONAL SECOND STAGE RESuLTS Pace 12

Lemma C.10 (Deterministic Logistic Score Domination). Under Assumption 3.1 let

Ak = &k V2(e™B0 + 1)Coy/In(d, /€)/n.

Thenifforall j =1,..., kwelet Ay j = Ag, Pr(Qi1 N Q) > 1-2ke. In particular, there is a constant
Mg that does not depend on k such that if Ay > Mgékloovln(dzn)/n Pr(Q1 N Qkp) = 1-2k/nP.

Proof. Let us recall that

-7
I5jlleo = max [En[p;(X){-De Ti% 4+ (1-D)RZ].

Notice foreach1 <1< d,, S;; = pj(X){—De_yf/'Z + (1 - D)}Z, is bounded in absolute value by

Co&k,eo(e7P +1) and is mean zero by optimality of y;. For Ax > 2(e % +1)Co+/In(d. /€)/n apply
Lemma E.3 to see the result. |

Lemma C.11 (Deterministic Linear Score Domination). Under Assumption 3.1 let

Ak 2 Ekw(ePCo)y(8(GF + GHVIn(d: /e)/n.

Thenifforallj =1,..., kweletA, ;= Ak, Pr(Qr3NQy 4) > 1-2ke. In particular, there is a constant
Mg that does not depend on k such that if A > Mgék,oo\/ln(dzn)/n, Pr(Qiz N Qy4) > 1-2k/nP.

Proof. Notice S;; = pj(X)De_Pf{Z{Y -mj(Z)}Z;forl =1,...,p. By optimality of &;, S; ; is mean
zero. Under Assumption 3.1, |S; /| < e B Co| D{Y — mj(Z)}| so by Assumption 3.1 the variables
S;,1 are uniformly sub-gaussian conditional on Z in the following sense:

lrr11ax GéE[exp(S?l/Gé) -1]< G%
= p 4

-----

for Gy = Er,0CoGoe B0 and Gi = &k,0CoGre B0, Apply Lemma E.4 for A defined above in the
statement of Lemma C.11 and union bound to obtain the result. O

D ApbDITIONAL SECOND STAGE RESuLTs

Theorem D.1 (Integrated Rate of Convergence). Assume that Condition 1 and Assumption 4.1
hold. In addition suppose that E% logk/n — 0and cy — 0. Then if either the propensity score our
outcome regression model are correctly specified:

13k = oll2 = (BI(E(x) = go(x))*D"* < Vk/n + ci (D.1)

Proof. We begin with a matrix law of large numbers from Rudelson (1999), which is used to
show Q —, Q.

Lemma D.1 (Rudelson’s LLN for Matrices). Let Q1, ..., Q, beasequence of independent, symmetric,
non-negative k X k matrix valued random variables with k > 2 such that Q = E[E,Q;] and ||Qi|| < M

a.s. Then for Q = E,[Q],

_ Mlogk  [M|Q|llogk
A=EQ - Qll s =55 4 = 282
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In particular if Q; = p;p; with ||p;|| < &k almost surely, then

- E2logk &2 log k
A=EIG- Q) s Bt SO

Now, to prove Theorem D.1 we have that:

18k — gollL2 < 1P (x)B* = p*(x)BXllo + Ip* (x) B - gllL2
< |Ip*) B = p* () BFll L2 + ek

where under the normalization Q = I we have that
lp’B = p'BllL2 = 11B - Bll
Further,
1B* = B¥Il = 1Q"Blp*(x) o (Y = V)] + |Q "B [p¥(x) o (" + ri)]
< Q7'E[p*(x) o (¥ = VI + 1QEnlp*(x) o €Il +1Q Enlp* (x)rll

By the matrix LLN (Lemma D.1) we have that since éi logk/n — 0, || Q —Ql| = 0. This means

that with probability approaching one all eigenvalues of Q are boundedaway from zero, in
particular they are larger than 1/2. So w.p.a 1

S IIB[p*(x) o (Y = V|| + |Balp¥(x) 0 €kl + | Balp*(x)r]l

Under Condition 1 the first term is 0,(v/k/n). By equation (A.48) in Belloni et al. (2015) the
third term is bounded in probability by c;. For the second term apply the third condition in
Assumption 4.1 to see

k
BIE.p ()0 117 = B Y. 2p(x2/n < PBulp*()p*(x) /] < Elp*(o)p*(x) /] = k/n.
j=1

This gives ||E, [P (x) o €|l <p Vk/n and thus shows (D.1). O

Lemma D.2 (Pointwise Linearization). Suppose that Condition 1 and Assumption 4.1, hold. In
addition assume that éi log k/n — 0. Then for any o € Sk-1,

Vi (B - B5) = /G [p* (x) o (¥ + 1)] + Rin() (D.2)

where the term Ry, (a), summarizing the impact of unknown design, obeys

2log k
Risla) 5 \“mBn 1+ VEtyci) (03)
Moreover, _
Vna'(BF - B*) = a’Gyulp*(x) 0 €] + Rin(a) + Ran(a) (D.4)

where the term Rp,, summarizing the impact of approximation error on the sampling error of the
estimator, obeys
Rau(a) <y bic (D5)
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Proof. Decompose as before,
Vina! (B = ) = Vna' QB[ () o (Y = )]
+ /' Gy[p"(x) o (6 + 1]

+a/[Q71 = I1Gu[p*(x) o (" + ).

The first term is 0,(1) under Condition 1, we can just include this term in R1,(a). Now bound
Rln(a) and Ry (0()

Step 1. Conditional X = [x1, ..., x,], the term
a'[Q71 = 11Gy[p*(x) 0 €],

has mean zero and variance bounded by 620/[@‘1 - I]@‘l[é‘l — I]a. Next, by Lemma D.1,

with probability approaching one, all eigenvalues of Q! are bounded from above and away
zero. So,

o AL ~ o~ o~ ~_ &Elogk
[0 = 1JQ'Q  Ika < PIQNIQAIQ™ - Il sp = —

so by Chebyshev’s inequality,

- &2 log k
o/[Q7 = Culp*(x) 0 "] 5 \[=——

Step 2. From the proof of Lemma 4.1 in Belloni et al. (2015), we get that

éi log k
n

& (Q7' = I)Gulp* ()] <, teexVk

This completes the bound on Ry, () and gives (D.2)-(D.3). Next, also from the proof of Lemma
4.1 from Belloni et al. (2015),

Rou(a) = a/'Gyulp*(x)re] $p brck,

which gives (D.4)-(D.5). O

The following lemma shows that, after adding Assumption 4.2 the linearization of our coeffi-
cient estimator B\k established in Lemma D.2 holds uniformly over all points x € X. That is
to say the error from linearization is bounded in probability uniformly over all x € X. It will
form an important building block in uniform consistency and strong approximation results
presented in Theorems D.2 and 4.2.

Lemma D.3 (Uniform Linearization). Suppose that Condition 1 and Assumption 4.1-4.2 hold. Then
if either the propensity score model our outcome regression model is correctly specified:

Vina(x) (B = ) = a(x)Gulp"(x) o (" + ro)] + Run(a(x)) (D-6)
where Ry, (a(x)) describes the design error and satisfies

E2log k _
Rin(@(®) £ \| 2t (n7 flog k + VRticr) = Ry, D7)

n
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uniformly over x € X. Moreover,

Via(x) (B = B*) = a(x) Gulp(x) 0 €] + Run(a(x)) + Ran(a(x)) (D-8)

where Ry, (a(x)) describes the sampling error and satisfies, uniformly over x € X:

RQn(a(x)) <p \/logk by = Rzn (D.9)

Proof. As in the proof of Lemma D.2, we decompose

Via(x) (B* - B5) = Vina(x) Q B, [p*(x) o (Y - V)]
+ a(x)'G, [Pk(x) o (ek + 71)] (D.10)
+a(x)[Q7" = 1IG,[p*(x) o (" + ro)].

Using Condition 1, the matrix LLN (Lemma D.1), and bounded eigenvalues of the design matix,
we have that:

sup Via(x)Q ' Bulp*(x) o (Y = )] = 0,(1).

Since this is 0,(1), we can simply include this term in Ry,(a(x)). Now derive bounds on
Rin(a(x)) and Rou(a(x)).

Step 1: Conditional on the data let
T = {t = (t,.. b)) €R" 1 = a(x) Q7' = Ipk(x) o €k, x € X} .

Define the norm || - ||,,2 on R" by ||t||fl ) = nt 2 t?. For an ¢ > 0 an ¢-net of the normed
space (T, || - ||n,2) is a subset T, of T such that for every t € T there is a point t, € T, such that
[t = telln2 < €. The covering number N(T, || - ||,,2, €) of T is the infimum of the cardinality of
e-netsof T.

Let71,...,n, be independent Rademacher random variables that are independent of the data.
Letnn = (n1,...,1Mu). Let Ey[-] denote the expectation with respect to the distribution of 7. By
Dudley’s inequality (Dudley, 1967),

0
E, sup\a(x)'[Q-l—IJGn[mpk(mek]\] < [ VgN T o e
xeX 0
where
0 = 25up||tllz
teT
—~ 1/2
= 25up (B, [(a(x)'(@" - Dp*(x) 0 €")?])

xeX

_ ~_1 ~il/2
< 2 max |&xllQ7 - IINIQN'2,
1<i<n
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by (A.5). Now, for any x € X,

. . 1/2
Enl[(a(x)'(Q7" = Dp*(x) 0 € — a(®)(Q7" = Dp*(x) 0 )]

< max |& illla(x) —a@®|IQ" - TIIIIQII"
1<i<n

L B ~_ ~ 1/ N
< & max [,l[|Q7" — I QI x - %]
1<i<n

So, for some C > 0,

Nl €) < -

- —~ dy
CEL maxysicy |Ex 101 - IIIIQIIUZ)

This gives us that

0 2
| VORI T T 20 de < max 617 = 1MIQN [ s log(Cefe) de

1/m

By Assumption 4.2 we have that E[maxi<i<n |€k,i| | X] <p n'/" where X = (x1,...,x,). Inaddi-
tion Eim/(m_b logk/n < 1form > 2 gives that & /logk/n — 0. So, |Q™" —I|| <p (£21logk/n)'/?
and || é'lﬂ <p 1. Combining this all with log SIE < log k implies

E [sup |a(x)'[Q7" — [1Galp*(x) 0 €¥]| | X

xeX

<2E

Bysupla(x)(Q™" = G, lmp'(x) o 41| X

212
<p ntlmA { &y log” k
~ n

where the first line is due to symmetrization inequality. This gives us

~ 21og? k
sup|a(x/[371 = 118, (1) o €] 5, nl/my| e L (D.11)
xeX

Step 2: Now simply report the results on approximation error from Belloni et al. (2015) . Since
the approximation error is the same for all signals Y (7tx, 771x), there is no Hadamard product to
deal with.

—~ E21og k
sup a(e)[07! = 11Gulp* el <0 ||~V (D12)
xeX
sup |a(x) Gy [p* (x)ri]| $p licky/log k (D.13)

xeX

Looking at (D.10) and combining (D.11)-(D.12) gives the bound on Ry, (a(x)) while (D.13) gives
the bound on Ry, (a(x)). O

Theorem D.2 gives conditions under which our estimator converges in probability to the true
conditional counterfactual outcome go(x). In particular, this convergence happens uniformly
at the rates defined in (D.15)-(D.16). If these two terms go to zero, the entire estimator will
converge uniformly to the true conditional expectation of interest.
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Theorem D.2 (Uniform Rate of Convergence). Suppose that Condition 1 and Assumptions 4.1-4.2
hold. Then so long as either the propensity score model or outcome regression model is correctly specified:

sup|a(x)’Gn[p (x)oe ]| p Vlogk (D.14)

_ 52 lo
Ry, = \/ gk (nl/myllogk + \/_t’kck)

Ry = \/logk -k

Moreover, for

we have that

sup Pk (x) (B* - BY)| <p P Un (x/logk + Rin + Rzn) (D.15)
and
sup |g(x) go(x)| <p — (\/logk + Ry, + R2n) + lrck (D.16)
xeX \/ﬁ

Proof. The goal will be to apply the following two theorems from Giné and Koltchinskii (2006)
and der Vaart and Wellner (1996).

Preliminaries for Proof of Theorem

Theorem (Gine and Koltchinskii, 2006). Let &1,...,&, be i.i.d random variables taking
values in a measurable space (S, S') with a common distribution P defined on the underlying n-
fold product space. Let F be a measurable class of functions mapping S — R with a measurable
envelope F. Let o2 be a constant such that sup feF Var(f) < o2 < ||F||? 12(PY’ Suppose there

exist constats A > e? and V > 2 such that sup, N(F, L*(Q), el Fll 2(q)) < (A/e)" for all
0<e<1 Then

n
|
i=1

where C is a universal constant.

Theorem (VAV&W 2.14.1). Let F be a P-measurable class of measurable functions with a
measurable envelope function F. Then for any p > 1,

7 ; /|| E||, where || - || is the Lo(Py,) seminorm and the inequalities are valid
up to constants depending only on the p in the statement. The term ] (-, -) is given

AllFl| 2 AllFll 2
<C \/nGZVIOgTL(P)+V||F||0010gTL(P) .

(GK)

S O, FNENnlle,p < Q@ FNENP2vp (VW)

o
6,7 =sup [ 1+ log NG l12, el Pl de.
Q

We would like to apply these theorems to bound sup, . |a(x)'Gy, [p*(x) o €*]| and thus show
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(D.14). The other two statements of Theorem D.2 follow from this. To this end, let’s consider

the class of functions
G :={(",x) — a(@)(p"(x) 0 €"),v € X}.

Let’s note that |a(v)'p*(x)| < &, Var(a(v)'p*(x)) = 1, and forany v, € X
(o) (p*(x) 0 €¥) — a(@) (p*(x) 0 €")| < |kl ELExllo -3,

where &; = ||€¥||. Then, taking G(e*, x) < &&x we have that

cel\f
sup N(G, 1%Q), Gl ) < (T") . 017)

ef = e*1{|&| > 1} —E[e"1{|&| > 7} | X]. Since E[¢¥ | X] = 0 we have that e = €] +¢]. Using
this decompose:

Now, for a T > 0 specified later define €, = ek1{|ex| < 1} — Ele*1{|éx] < 1} | X] and

n n

% D a@) (i) 0 €¥) = > a@) (P (x) 0 €p)/Vi + ) a@) (¥ (x) 0 €])/Vr.
i=1

i=1 i=1
We deal with each of these terms individually, in two steps.

Step 1: For the first term, we set up for an application of (GK). Equation (D.17) gives us the
constants A = C Eé and V =d, v 2. To get o2 note that for any v € X,

Var(a(v) (p*(x) 0 €;)/Vn) < E[(a(0) (p(x) o €;)/Vn)*]

1 , _

< —E[(a(0)'p*(x))*Isup Elll;ll% | X = x]
n xeX

G2 A T2

<

Ok AT

Finally note that we can take the envelope G = |l€;||w&k/V1 where ||Gll[2p) < 7 and

1Glleo < T&k/Vn.
We can now apply (GK) to get that

1 L
]E[supla(x)’Gn[Pk(x) o e;]” < \/W+ %.

xeX

Step 2: For the second term, we set up for an application of (VW) with the envelope function
G = |l€fllw&x/+n and note that

Ellle;lI%] < E[e;1{|& > 1}] < v "*?E[|&|™]
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We can now use (VW) to bound

E

1
< VE[l&dm]r 2 e, /O Jlog(EL/e) de
S Jore g Jlog(eh).
2/(m=2)

Step 3: Lett = & and apply Markov’s inequality. The bounds from step one and two

sup |a(x)'Gy[p*(x) o €] ]|
xeX

become

k o, G log(E)
sup |a(x)' G [p*(x) o 1| $p /57 log(&r) +

xeX \/ﬁ
sup |la(x)Cu[p*(x) 0 €51l <p /5] log(ED)

Applying Assumption 4.2 along with the inequality

/(m=2) 2m [ (m-2)
5:1 log k & log k
——— =logk\| ——— < logk
\n & n &

completes the proof. |

Theorem D.3 (Validity of Gaussian Bootstrap). Suppose that the assumptions of Theorem 4.2 hold
with a, = logn and the assumptions of Theorem 4.3 hold with a, = O(n=") for some b > 0. In
addition, suppose that there exists a sequence &, obeying 1 < &/, < ||p*(x)|| uniformly for all x € X
such that ||p*(x) — p*(x")|| /&), < Lyllx — x’||, where log L,, < logn. Let N]f be a bootstrap draw from
N(0, I) and P* be the distribution conditional on the observed data {Y;, D;, Z i}, Then the following
approximation holds uniformly in £%°(X):

pk(x)/ﬁl/z .y pk(x)/Ql/Z

_ =1 222" ope(log ' N D.18
S ¢ iy Hrlos ) (D19)

Proof. See Theorem 3.4 in Semenova and Chernozhukov (2021). O

E Hicu DimensioNAL ProBaBiLITY RESULTS

E.1 Hicu DimENsIONAL CENTRAL LiMiT AND BoOTSTRAP THEOREMS

Lemma E.1 (Gaussian Quantile Bound). Let Y = (Y1,...,Y},) be centered Gaussian in RF with
02 < maxi<j<p ]E[sz] and p > 2. Let q¥ (1 — €) denote the (1 — €)-quantile of || Y|« for € € (0, 1).

Then ¥ (1 —€) < (2 + V2)a+/In(p/e).
Proof. See Chetverikov and Serensen (2021), Lemma D.2. o

Now let Z4, ..., Z, be independent, mean zero random variables in R”, and denote their scaled
average and variance by

1 <« 1w
S, = — Z; and X := — E[Z;Z'].
n WZ; : ”Zl (2:Z])
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For R? values random variables U and V, define the distributional measure of distance

p(U,V):= sup |Pr(U € A) - Pr(V € A)|
AeA,

where A, denotes the collection of all hyperrectangles in R”. For any symmetric positive matrix
M € RP*P, write Nj; := N(0, M).

Theorem E.1 (High-Dimensional CLT). If, for some finite constants b > 0 and B,, > 1,

max Z% | < Bi. (E.1)

1< (BN
~ D EIZ}] = b, — > ElZ;***] < B}, and E max Zj
i=1 i=1 o

forallie {1,...,n},je{l,...,p} and k € {1,2}, then there exists a finite constant Cy,, depending
only on b, such that:

1/6
B} 1n7(pn)) /

P(Sn, Nz;) <Gy ( -

Proof. See Chernozhukov et al. (2017), Proposition 2.1. m|

Let Zi be an estimator of Z; and let ey, ..., e, be ii.d N(0, 1) and independent of both the Z;’s
and Z;’s. Define S;, := % Y. 1 eiZi and let Pr, denote the conditional probability measure

computed with respect to the e’s for fixed Z;’s and Z’s. Also abbreviate

p(S%, Nx) := sup
AeA),

Pr, (§; € A) _Pr(Ny e A)‘.

Theorem E.2 (Multiplier Bootstrap for Many Approximate Means). Let (E.1) hold for some finite
constants b > 0 and B, > 1, and let {B,, }w and {0, }w be sequences in R, converging to zero such that

1< 5 52
Pr| max — » (Z;i—Zij)* > —2—| < (E.2)
lsjzp 1 Z‘ T 2 m | <P

Then, there exists a finite constant Cy, depending only on b such that with probability at least 1 — B, —
1/In’(pn),

ﬁ(g,‘;,Nz) < Cpmaxy 6y, ”

B, 1r16(;9n))1/6

Proof. See Belloni et al. (2018), Theorem 2.2 or Chetverikov and Serensen (2021) Theorem
D.2. O

We now consider a partition of Z and Z into k subvectors.

Z:=(2y,...,2,) € R%-dk and Z = (2’,...,Z;{)’ € Rk
where Z;‘Zl dj = p. Given such a partition, for any symmetric, positive definite M € RP*F let
Ny,j denote the marginal distribution of the subvector of Njs corresponding the the indices of

partition j. In other words, N1, would denote the marginal distribution of the first d; elements
of an R” vector with distribution Nj;, N> would denote the marginal distribution of the next
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d, elements and so on. For each j = 1,...,k define qZI\\’M : R — R as the (extended) quantile
function of || Ny, j|| o,

qllcl/l,j(e) :=inf{t € R: Pr(|Np,jlleo < t) > €}.

Define qﬁf/l ].(e) = +ooif € > 1and —ooif € < Oso that ql\l\/lI j is always montone (strictly) increasing.

Lemma E.2. Let M € RP*P be symmetric positive definite, let U be a random variable in RP. Partition
U into k subvectors, U = (U/, ..., LI]’{)' € Rtk where dy + - - - + di = p. Foreachj=1,.. k let q;
denote the quantile function of ||Uj|| . Then forany j=1,...,k,

q]I\\’A,j(e —2p(U,Num)) < gje) < qﬁ,j(e +p(U, Nm)) forall e € (0,1).

Proof. Proof is a slight modification of that of Lemma D.3 in Chetverikov and Serensen (2021).
Main idea is to add and substract a || Nyl term and use the fact that the approximation is
achieved over all hyperrectangles. We show the bound holds for each j = 1,..., k. Without
loss of generality, consider Uy. Let Nj,1 denote the maginal distribution of the first d; elements
of a R? vector with distribution Nyy.

Pr([|Ur]le < #) = Pr(||[Nmalleo < #) + Pr(|Unllco < t) = Pr([|Nmalleo < #)
= Pr(| Natalleo < ) + (Pr(u € [=t, t]? X RP=H) — Pr(Ny € [t £]P X R”‘dl))
< Pr(INmallw < t) + p(U, Nm)
for any t € R. A similar construction will give that

Pr([Uilleo < £) 2 Pr([INmlleo < ) = p(U, Nu).

Substituting t = ql\l\/fl 1(e =2p(U, Ny)) into the upper bound on Pr(||U|| < t) gives the lower

bound statement, while t = q]];]/l (e + p(U, Ny)) and using the lower bound on Pr(||U1][ < t)
gives the upper bound statement. m|

As with Z partition S, and §f1 into

_ dy,...,d ce _ (oe’ ce’ dq,...,d
Su=(S) 1, S, ) eRNH and §% = (5% ,...,5%,) € Rt

Foreachj=1,...,k define g, j(€) as the e-quantile of || S, j||

qn,j(€) :=inf{t € R : Pr(]|Sy jllo < t) > €} fore € (0,1).

Let g, j(€) be the e-quantile of || §; ].|| «, computed conditionally on X; and }'Zi's,

Tuj(e) == inf{t € R: Pr(|S; |l < t) > €} fore € (0, 1).

Theorem E.3 (Quantile Comparasion). If (E.1) holds for some finite constants b > 0 and B, > 1,

and 6
B} ln7(pn)
pn = 2Cb T
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denotes the upper bound in Theorem E.1 multiplied by two, then forall j =1,...,k
qg].(l —€—pn) < quj(l—e) < qg’,].(l —€+py) foralle € (0,1).

If, in addition, (E.2) holds for some sequences {0, }n and {B, }n converging to zero, and

1/6
B} lné(pn) /
n

pn < 2C; max 40, (
denotes the upper bound in Theorem E.2 multiplied by two, then with probability at least 1 — f,, —
1/In?(pn) we have forall j = 1,.. ., k,
W (-e-p,) < Tujl-e) < g) (L-e+p}) forall e € (0,1).
Proof. From Lemma E.2 with U = S,, we obtain
gY (1 - € = 2p(S, Nz)) < 41 - €) < q¥ (1 -+ p(S,, Nz)).

The first chain of inequalities then follows from 2p(S,, Nx) < p, by Theorem E.1.

For the second claim, apply Lemma E.2 with U = §fl and condition on the Z;’s and Z;’s obtain
7Y (1 - = 25(S;, N5)) < Gul1 - €) < q¥ (1 - € + (5}, Ny)).

The second chain of inequalities then follows on the event 2,5(§,Z, Ny) < p;,, which by Theo-
rem E.2 happens with probability at least 1 — f,, — 1/ lnz(pn). O

Theorem E.4 (Multiplier Bootstrap Consistency). Let (E.1) and (E.2) hold for some constants b > 0
and B, > 1 and some sequences {0, }w and { B, }n in Ry converging to zero. Then, there exists a finite
constant Cy, depending only on b, such that

max sup |Pr(||Sn,j||oo > Gn,j(1-a)) - Oz| < Cpmax q Bu, On,
1<j<k ¢e(0,1)

B In’ (pn) e 1
n "In’(pn)

Proof. By Theorem E.1 and Theorem E.3,

Pr(||Snjllco < Gn,j(1 =€) < Pr(||Sp jlleo < flgj(l —€+pp)+Pnt+—
’ In“(pn)

< Pr(INz jlleo < 45 ;1= €+ p})) + pn + B + —5—
’ In“(pn)

<l-€e+p,+pn+Pnt+—"
Pnt+ Pn+ P T

Where the second inequality is making use of the same rectangle argument as before. A parallel
argument shows that

Pr(||Snillo < quj(1—€) 21 =€~ |p) +pn+put+——|-
In*(pn)

Combining these two inequalities gives the result.
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E.2 ConNceNTRATION AND TAIL BouNDs

We make use of the following concentration and tail bounds. Lemmas E.3-E.7 can be found in
Bithlmann and van de Geer (2011). The proof of Lemma E.8 is trivial but provided here.

-----

Lemma E.3. Let (Y1,...,Y,) be independent random variables such that E[Y;] = 0 fori = 1,.
and max;=1,_m |Yi| < cofor some constant co. Then, for any t > 0,

n
Ly,
n

1 2

Pr( >t) < 2exp (_n_tZ)
— 2c
i=1 0

Lemma E.4. Let (Yi,...,Yy) be independent random variables such that E[Y;] = 0 fori =1,...,
and (Y1, ..., Yy,) are uniformly sub-gaussian: maxi<i<y c%]E[exp(Yl.2 / cf) — 1] < ¢2 for some constants
(c1,c2). Then for any t > 0,

1 v nt?
Pr||{— Yi|>t]| < 2exp| ———|.
(n; ! ) p( 8(c%+c§))
Lemma E.5. Let (Y3, ...,Y,) be independent variables such that E[Y;] =0 fori=1,...,n and

—ZEHYI ]< k22, k=2,3,...,
for some constants (c3, c4). Then, for any t > 0,

o

Lemma E.6. Suppose that Y is sub-gaussian: c%E[exp(Yz/c%) -1] < c% for some constants (c1, c2).
Then

n

S

i=1

> c3t + 64@) < 2exp(—nt).

E[|Y[] < r(g + 1) (2 +c2)ck2, k=2,3,....

Lemma E.7. Suppose that X is bounded, | X| < co, and Y is sub-gaussian, c%E[exp(Y2 / cf) -1]< c§
for some constants (c1,c2). Then Z = X Y2 satisfies

E[|Z—E[Z]|k] < Zck 22 k=23,

or c3 = 2coc? and c4 = 2¢9c1Ca.
1

Lemma E.8. Suppose that Y is sub-gaussian in the following sense, there exist positive constants
co, c1 > 0 such that cJE[exp(Y?/c3) — 1] < c3. Then

E[|Y]] < ¢3/co + co.

Proof. Use the fact that e¥ > |x| and the characterization of sub-gaussian. O
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F ApbrtioNaL DetaILs oN EMPIRICAL APPLICATION

As mentioned in the setup, to avoid outlier contamination we drop the top 3% and bottom 3%
of birthweights by maternal age. We also drop ages for which there are fewer than 10 smoker
or non smoker observations. The result is a dataset with 4107 (of an initial 4602) observations
on the outcome variable, birthweight. In addition to the 21 control variables (Z) available in
the dataset, we further generate an additional 29 interaction/higher order variables that we
believe may be useful in controlling for confounding as well as a constant. Table F.1 provides
a summary of the initial 21 control variables.!

Table F.1: Summary of Data used in Emprical Exercise

Statistic N Mean St. Dev. Min Max
bweight 4107 3,384.354 447.616 1544 4,668
mmarried 4,107 0.708 0.455 0 1
mhisp 4,107 0.034 0.181 0 1
thisp 4,107 0.038 0.192 0 1
foreign 4,107 0.054 0.226 0 1
alcohol 4,107 0.031 0.174 0 1
deadkids 4,107 0.252 0.434 0 1
mage 4,107 26.125 5.025 16 36
medu 4,107 12.703 2.470 0 17
fage 4,107 27.000 9.022 0 60
fedu 4,107 12.324 3.624 0 17
nprenatal 4,107 10.822 3.613 0 40
monthslb 4,107 21.938 30.255 0 207
order 4,107 1.858 1.056 0 12
msmoke 4,107 0.390 0.890 0 3
mbsmoke 4,107 0.183 0.386 0 1
mrace 4,107 0.847 0.360 0 1
frace 4,107 0.822 0.382 0 1
prenatal 4,107 1.204 0.507 0 3
birthmonth 4,107 6.556 3.352 1 12
Ibweight 4,107 0.025 0.155 0 1
fbaby 4,107 0.443 0.497 0 1
prenatall 4,107 0.803 0.398 0 1

In addition to these 21 control variables, we include the folowing interactions: mbsmoke X
alcohol, medu X fedu, mage x fage, msmoke?, msmoke X alcohol, mage?, mage X mmarried,
mage X medu, mage X fedu, monthslb?, msmoke xmonthslb?, monthslb? x msmoke 2, msmoke?
X prenatal?, msmoke? X mage?, mage? X monthslb?, mage? x fage, fage? X mage?, fage? X mage,
mage2 X mrace, fage2 x frace, msmoke? x alcohol, mage2 X alcohol, fage2 % alcohol, monthslb?
X alcohol, mage? X mhisp, fage® X thisp, medu X mage®. We also include indicators for the
month of birth.

In conducting analysis, we found it quite helpful to the stability of the final model assisted

estimator to do some light trimming of the estimated propensity score and outcome regression

IThis table is generated using the wonderful stargazer package in R (Hlavac, 2022).
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models. In particular we trim the estimated propensity score(s) to be between 0.01 and 0.99
and trim the estimated mean regression models so that they take a value no more than roughly

12.5% higher or lower than the maximum or minimum value of Y observed in the data.

Because the control variables are all of different magnitudes, it is common to do some normal-
ization before estimating the ¢;-regularized propensity score and outcome regression models
so that all variables are “punished” equally by the penalty. We normalize our data by scaling
each variable to take on values between zero and one.

G CONSISTENCY BETWEEN FIRST STAGE AND SECOND STAGE ASSUMPTIONS

In this section, we examine the consistency between the first stage and second stage assumptions
on the basis terms p*(x). In particular, we are interested in finding a positive basis that also
satisfies the bounded eigenvalue condition on the design matrix in Assumption 4.1. We also
discuss how to construct the model assisted estimator with weights in (2.7)-(2.8) that are not
directly the second stage basis terms in case the researcher is worried about their choice of basis

terms satisfying the first stage and second stage stage assumptions simultaneously.

Suppose that X = [0, 1]. First, note that the first stage non-negativity and second stage design
assumptions can be trivially satisfied by using a locally constant basis; that is by taking

pi(x) = 1jg_, 0)(x) (G.1)

for some 0 = §y < {1 < --- < {; = 1. While this basis may have poor approximation qualities,
the general principle can be extended to any basis whose elements have disjoint (or limitedly
overlapping) supports. Higher order piecewise polynomial approximations can often be im-
plemented using B-splines which are orthonormalized regression splines. See De Boor (2001)
for an in-depth discussion or Newey (1997) for an application of B-splines to nonparametric

series regression.

These higher order splines can be defined recursively. For a given (weakly increasing) knot
sequence { := (I.’]-)]t.:1 we define the “first-order” B-splines denoted Bj1(x), ..., Bt1(x) using
(G.1), that is Bj,1(x) = pj(x). On top of these functions, we can define higher order B-splines
via the recursive relation (De Boor (2001), p.90)

Bja+1 = @jd(x)Bja(x) + [1 = @js1,4(x)]Bj+1,4(x). (G.2)
where
i BTy A
wpalx) =3
otherwise

If X is continuously distributed on an open set containing the knots ({;), De Boor (2001) shows
that the B-spline basis is almost surely positive. Moreover, B-splines is locally supported in the
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sense each B; 4 is positive on (¢, {;.4), zero off this support and for each d:

Bjys=1 on]l0,1].

M-

j=1

where the summation is taken pointwise (see De Boor (2001), p.36). From the final property we
can see the B-spline basis using k = td basis terms, p*(x) = (B j1(x)) j=1,..+ are totally bounded
I=1,...d

so that.

B-splines used directly in this manner, however, donotlead to a design matrix Q = E[pF(x)p*(x)]
with eigenvalues which are bounded away from zero. To achieve this, the basis fucntions must
be divided by their £, norm. In practice, this leads to b-spline terms who are grown at rate
koo S V. The pilot penalty constants can be chosen from a set whose bounds are on the order
of Vk and the sparsity bounds of Assumption 3.1 reduce to

sk k321n°(d,n) o

21,7
k= 1In’(d;kn) 0
n n

and
while the bounds in (4.2) and (4.11) reduce respectively to

s k32 1n(d,) s2k7?In(d)
—_— = 50 and ———
N p(m=1)/m

—

G.1 ALTERNATE WEIGHTING

So long as the second stage basis p*(x) contains a constant term, it is possible to weight the
estimating equations (2.7)-(2.8) by some pk(x) = p¥(x) + cx with minimal modification to the
model assisted estimator. The constants c; € R can be allowed to grow with k so long as we
replace &k o with the maximum of 3 koo = SUP, x|l P (x)]| o0 and &g oo in the sparsity bounds of
Section 4. Without loss of generality we will assume that the first basis term is a constant so
that pi(x) =1

After estimating the models (711, 111), . . ., (Ttk, i1x) using (P1(x), . . ., Pr(x)) inplace of (p1(x), . .., pr(x))
in (2.7)-(2.8) we would construct the second stage estimate f3¥

p1(x)Y (1, finy) — cx Y (g, 1i1y)
P2(x)Y (T, 1i12) — i Y (11, 1i11)

"gk — @—1En

Pr(x)Y (fug, 1) — ci Y (71, 1i11)

Via the same analysis of Sections 3 and 4 we will still be able to show that the bias passed

on from first stage estimation to the second stage parameter ¥ remains negligible even under
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misspecification of either first stage model. This is because Lemma 3.1 will establish that
mae B[ (0)Y (R, 7)) ~ Bl ()Y oy, )] = 0,(n72K11%) and

g S NN N -2 -1
g]aﬁék,mg%En[pj(X) (Y(Rj, 1)) = Y (), 1))*] = 0p(k™2n~1/™)

Using the first statement, we can immediately establish via the triangle inequality that
max B[ ()Y (R, i) = exY (R, 1)) = B[ ()Y (R, 7)) = Y (a, im)]| = op(n~12k7112)

which is the exact analog of Condition 1 needed to establish consistency at the nonparameteric
rate of the modified model assisted estimator. Similarly, using the second statement and
(a + b)? < 2a% + 2b? we can immediately establish that

max B [(3)(0)Y (R, ) = € Gy ) = B0 (R ) + Y (5, )] = op (k207

which is the exact analog of Condition 2 needed to establish a consistent variance estimator
when [;’k is used instead of the ﬁk from (2.11).

This logic can be extended slightly if the researcher would like to weight the estimating equa-
tions (2.7)-(2.8) by some #¥(x) = G*p*(x) for an invertible and bounded sequence of linear
operators G* : RF — R*. In this case, one would again use #*(x) in place of p*(x) in (2.7)-(2.8)
and construct the second stage coeffecients via

p1(x)Y (ftq, 1i11)
ﬁk = @—le,—lEn
Pr(x)Y (fig, 1itg)

After constructing the second stage estimator using ¥, inference procedures would proceed
normally as described in Section 2.

H AvrerNaTIVE CV-TYPE METHOD FOR PENALTY PARAMETER SELECTION

In this section we consider a procedure for penalty parameter selection where we use the pilot
penalty parameters described in (2.14) directly, after choosing constants ¢, ; and c,,; from a
(finite) set via cross validation. For each j we will assume that

Cy,j/ Ca,j € An - [En/ En] (Hl)

where |A,| can be fairly large (on the order of n2/k).
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H.1 TuHeoOrRY OVERVIEW

Let M5, Mg, M7, Mg, Mg be constants that do not depend on k as in Lemmas C.7-C.11. When-

ever
In®(d.n [In(d.n
c, In'(dzn) &k, max {Ms, M, M7, M3, M3} % (H.2)

n

we will have that, under Assumption 3.1(i)-(iv) the event ﬂizl Q7 occurs with probability at
least 1 — 10k /n? for the 2k pilot penalty parameters chosen with any values ¢, j, cq,j € A, and

3
Ak =Gy —ln (dzn).
n

In this event, apply Lemmas C.1 and C.2 to obtain the following finte sample bounds for the

parameter estimates

ske2 In(d,n) .

_ In(d,n
max Dij(y]-,y]-) < My (nz )

nd max ||V — 7i||1 < Mosic
1<j<k V7 1S].§k||7/] 7/]||1 08kCn

ske2 In(d,n) In*(d.n)

S
max Da,].(aj,aj,y]) < M;

and max |la; — ajll1 < Miskcy
1<j<k

1<j<l

and Lemma A.1 to obtain the following finite sample bound for the weighted means:

E%skln3(dzn)

112]?1;; |Enlpj(X)(Y (7tj, m;) = Y(7;, mj)]| < sz (H.3)
) L , &2 méﬁsiln%dzn)

max |E, [p;(X)(Y(7;, ;) = Y(7tj, 7))"] < Ma— (H.4)

1<j<k n

Combining (H.2) and (H.3) we can see that Condition 1 can be obtained under Assump-

tion 3.1(i)-(iv) and the following modified sparsity bounds

k| A M koo 0 and 25 k121n3(d.n) R

2 Y Inld
n n(d.n) \n

0. (H.5)

Simlarly combining (H.2) and (H.4), Condition 2 can additionally be obtained by strengthening
the rates in (H.5) to include
& sk In’(don)

n(m=1)/m

-0 (H.6)

for m > 2 as in Assumption 4.2. These rates are comparable and in certain cases may be more
palatable than those presented in the main text, Assumption 3.1(vi). They come at the cost of
slower rates of convergence for the weighted means as seen by comparing eqs. (H.3)-(H.4) to
egs. (3.1) and (3.2).
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H.2 PracticaL IMPLEMENTATION

In practice, the constants Ms, Ms, M7, Mg, Mg from Lemmas C.7-C.11 are roughly on the order
of || Z|| 0. We therefore reccomend setting

1 k
- X 00 Z o0
& = T og ) max [|p"(Xi)lleo max || Zi|
3log!/*(d,n)
= % max || p*(Xi)lleo max || Zil
151Sn 1Sl$71

and letting A, be a set of points evenly spaced between ¢, and ¢,. The cross validation
procedure then can be implemented in the following steps.

1. Split the sample into K folds.
2. Consider a single pair of values for c¢,,c, and designate a fold to hold out.

3. Estimate nuisance model parameters using A" and A”"" on the remaining folds.
9 V] a,j

4. Evaluate the resulting models on held out fold using non-penalized loss functions.

5. Repeat K times and record average loss over all folds.
6. Choose values of ¢y and ¢, with the lowest average loss.

In practice we find this procedure works well with small K, around K = 5 and with |A,| on the
order of about 10-20.
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