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Setup

Consider the linear IV model

yi = xi𝛽 + 𝜀i , 𝔼[𝜀i ∣ zi] = 0

Researcher observes n independent observations (yi , xi , zi)′

• Outcome yi ∈ ℝ;

◦ e.g., log house prices

• Endogenous variable xi ∈ ℝ;

◦ e.g., number of eminent-domain rulings favoring property owners

• Instruments zi ∈ ℝp
;

◦ e.g., composition of randomly assigned judge panels
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Setup

Optimal instrument for estimating 𝛽 under homoskedasticity is

Πi = 𝔼[xi ∣ zi]

When the researcher has access to a large dictionary of technical instruments, optimal

instrument can be estimated using LASSO (Belloni et al., 2012)

𝜋 ∈ argmin
𝜋

1
2
𝔼n[(xi − z̃′i𝜋)

2
] + 𝜆‖𝜋‖1, Π̂i = 𝜋

′zi

Problem: How to select penalty parameter or set of technical instruments to use?
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Setup

Any consistent estimate of optimal instrument leads to the same limiting distribution for

𝛽. However. . .
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Existing Selection Rules

Existing selection rules do not target accuracy of structural estimate

• Cross-Validation (Chetverikov et al., 2021) and SURE (Tibshirani and Taylor, 2012)

target first-stage prediction

◦ More flexible first-stage fits may be more correlated with endogenous variable, biasing 𝛽

• “Plug-in” rules of Belloni et al. (2012) and Chetverikov and Sørensen (2025) are

designed to control first-stage estimation error

◦ Guarantee first-stage consistency but do not claim optimality
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Contribution

This paper develops second order asymptotic theory for the IV-LASSO estimator and

uses it to provide a principled method for selecting the first stage implementation.

• Analysis complicated by non-differentiabilty of LASSO solution,

◦ Use geometric characterization of Tibshirani and Taylor (2012) as well as second-order

Stein identities from Bellec and Zhang (2021) to characterize higher-order moments;

• Estimation of second order terms can be slow,

◦ Show that the leading part of estimation error is common to all candidate

implementations; feasible criterion still selects optimal implementation;

• In simulations calibrated to Paravisini et al. (2015) improve MSE by up to 50%

relative to cross-validation and plug-in rules.

Operate in homoskedastic Gaussian model and then extend results to a class of

non-Gaussian errors.
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Framework

Operate in a homoskedastic Gaussian model

yi = xi𝛽 + 𝜀i

xi = Πi + vi

Treat the instruments {zi}ni=1 as fixed.

(

𝜀i

vi)
∼ N

(
0 ,

(

𝜎2
𝜀 𝜎𝜀v

𝜎𝜀v 𝜎2
v ))
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Candidate Implementations

Each candidate c ∈ [J] is described by a dictionary-penalty pair

• Dictionary Zc ∈ ℝn×pc
consists of a set of technical instruments; i.e transformations

of instruments,

◦ Allow pc ≫ n

• Penalty 𝜆c > 0 determines degree of regularization.

Estimate first-stage, Π̂c , via LASSO

𝜋c ∈ argmin
𝜋∈ℝpc

1
2
𝔼n[(xi − z′c,i𝜋)

2
] + 𝜆c‖𝜋‖1, Π̂c,i = z′c,i𝜋c
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Effective Dimension

For each c ∈ [J] define the equicorrelation set

Ec ∶=
{

j ∈ [pc] ∶
|
|
|
𝔼n [

zc,ij(xi − Π̂c,i)]
|
|
|
= 𝜆c

}

i.e, the set of dictionary columns for which LASSO KKT inequalities bind. Effective

dimension is the rank of first-stage dictionary associated with these columns:

dc ∶= rank (Zc,Ec) .

Effective dimension is central to our analysis as it provides a measure of complexity for

each candidate LASSO fit.

• LASSO solution may not be unique, but dc is always well defined and observed since

LASSO residual is unique;

• When LASSO solution is unique, dc coincides with number of selected variables.
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Structural Estimate

With first-stage estimates in hand, construct structural estimate

𝛽c ∶=
𝔼n[yiΠ̂c,i]

𝔼n[xiΠ̂c,i]
.

So long as each first-stage is consistent

√
n
(
𝛽c − 𝛽c)

=

√
n𝔼n[𝜀iΠi]

𝔼n[Π
2
i ]

+ op(1)

Leading term does not depend on candidate estimate and is distributed

N (0, 𝜎2
𝜀/𝔼n[Π

2
i ])

To distinguish between candidates, need to analyze terms in remainder.
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AMSE Criterion

Would like to use MSE to compare candidates, but MSE may not exist for IV estimators.

Instead, for each candidate 𝛽c we show a decomposition

n
(
𝛽c − 𝛽)

2
= C0 + Qc + rc (1)

where C0 is common to all candidates and maxc∈[J] |rc/𝔼[Qc]| → 0.

• Approach followed in Donald and Newey (2001) and Newey and Smith (2004) for

higher order comparasions.

Compare candidates via Approximate Mean Square Error (AMSE), 𝔼[C0 + Qc]. Goal is to

choose a candidate with lowest AMSE.

MSE Nonexistence
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Partial Beta-min

Assume first-stage has approximately sparse representation (Belloni et al., 2012):

Πi = z′c,i𝜋
0
c + 𝜉c,i , Tc ∶= supp(𝜋

0
c ), sc ∶= |Tc |.

Call a coefficient “strong” if magnitude exceeds LASSO estimation error, which vanishes

as n → ∞.

Assumption (Partial Beta-min)

Let kc count the strong coefficients. Assume

kc → ∞ and sc ≲ kc .

• Unlike full beta-min (Zhao and Yu, 2006, Wainwright, 2009), does not require the

LASSO to recover the full support.

• Mirrors K → ∞ in Donald and Newey (2001).
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Infeasible Criterion

Theorem 1 (Infeasible AMSE Criterion)

For all candidates, decomposition in (1) holds and 𝔼[Qc] = Sc(1 + o(1)) where

Sc ∶=
𝜎2
𝜀c

h2c
+
𝜎2
𝜀v𝔼[d2

c + dc]
nh2c

for hc ∶= Ē[Π̂c,iΠi] and

c ∶= min
a∈ℝ

𝔼̄
[(

Π̂c,i − aΠi)

2

]
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Infeasible Criterion

A richer dictionary or lighter penalty may reduce c while increasing the effective

dimension. Let 𝜌 ∶= Corr(𝜀i , vi) and rewrite

Sc =
𝜎2
𝜀

h2c

{

c + 𝜌
2
𝜎
2
v
𝔼[d2

c + dc]
n

}

• Cross validation targets Ē
[
(Π̂c,i − Πi)

2
]

while ignoring complexity cost.

◦ Also ignores the fact that optimal instrument is invariant to rescaling

• Candidates that strongly identify the first-stage have lower AMSE.

◦ Denominator h2c roughly measures strength of identification (correlation between

estimated and true first-stages).

◦ AMSE differences also scaled by strength of identification.
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Proof Idea: LASSO Geometry

Define the set

c ∶= {q ∈ ℝ
n
∶ ‖𝔼n[zc,iqi]‖∞ ≤ 𝜆}

That is the set of potential LASSO residuals that satisfy the LASSO KKT conditions.

Tibshirani and Taylor (2012) show that the fitted LASSO residual is given

ûc ∶= x − Π̂c = P(x)

Equicorrelation set Ec describes the “active face” of this projection. As a result

𝜇̇ ∶= DΠ̂c = P
col(Zc,Ec )

⟹ div(𝜇̇) = tr(DΠ̂c) = dc

Residual Projection
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Proof Idea: LASSO Geometry

Locally, the projection stays on the same active face.

c

active face

Π̂c = x − ûc

𝛿uc 𝛿x

𝛿Π̂c

ûc

ûc + 𝛿uc

x

x + 𝛿x

Tangent and normal spaces

Tc = ker(Z ′
c,Ec ),

T⟂
c = col(Zc,Ec ).

Residual change

𝛿uc = PTc𝛿x.

Fitted-value change

𝛿Π̂c = 𝛿x − 𝛿uc .

DΠ̂c(x) = I − DPc (x) = I − PTc = Pcol(Zc,Ec )

(almost everywhere.)
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Proof Idea: Cross-Moments

A key step in the proof is analyzing relationship between first-stage fit and structural

error. Specifically, want to compute

𝔼[(𝜀
′
Π̂c)

2
]

To do so, write

𝜀 =
𝜎𝜀v

𝜎2
v
v + 𝜂, 𝜂i

iid
∼ N

(
0, 𝜎2

𝜀 −
𝜎2
𝜀v

𝜎2
v )

, 𝜂 ⟂ v

Decompose

𝔼[(𝜀
′
Π̂c)

2
] =

𝜎2
𝜀v

𝜎4
v
𝔼[(v′Π̂c)

2
] + 𝔼[(𝜂

′
Π̂c)

2
]

Cross-term drops out since 𝜂 ⟂ (Π̂c , v)
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Proof Idea: Second Order Stein Identity

To characterize 𝔼[(v′Π̂c)
2], apply the second-order Stein identity from Bellec and Zhang

(2021).

Lemma 1 (Stein Identities)

LetW ∼ N (0, 𝜎2In). If m ∶ ℝn → ℝn is Lipschitz with A(w) ∶= Dm(w) its almost

everywhere derivative, then

𝔼[W ′m(W )] = 𝜎
2
𝔼[tr(A(W ))]

and

𝔼
[

{
W ′m(W ) − 𝜎

2
tr(A(W ))

}2
]
= 𝜎

2
𝔼[‖m(W )‖

2
2] + 𝜎

4
𝔼[tr(A(W )

2
)].
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Proof Idea: Second Order Stein Identity

Recall, DΠ̂c = PZc,col(Ec )
is a projection of rank dc . The second-order identity gives

𝔼[(v′Π̂c − 𝜎
2
vdc)

2
] = 𝜎

2
v𝔼[‖Π̂c‖

2
2] + 𝜎

4
v𝔼[dc].

Where we use idempotency of the projection for the second term. One more application

of first-order Stein then eliminates the cross term:

𝔼[dc(v′Π̂c − 𝜎
2
vdc)] = 0.

Expanding the square then yields

𝔼[(v′Π̂c)
2
] = 𝜎

2
v𝔼[‖Π̂c‖

2
2] + 𝜎

4
v𝔼[d

2
c + dc].

Cross term
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Proof Idea: Cross-Moments

To complete the expression for 𝔼[(𝜀′Π̂c)
2], since 𝜂 ⟂ (Π̂c , v) we can write

𝔼[(𝜂
′
Π̂c)

2
] =

(
𝜎
2
𝜀 −

𝜎2
𝜀v

𝜎2
v )

𝔼[‖Π̂c‖
2
2].

Combining this with the Stein calculation gives

𝔼[(𝜀
′
Π̂c)

2
] = 𝜎

2
𝜀𝔼[‖Π̂c‖

2
2] + 𝜎

2
𝜀v𝔼[d

2
c + dc].

Next, expand the structural estimation error to see how this numerator moment enters

AMSE.
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Proof Idea: Structural Error Expansion

Write ĥc = 𝔼n[xiΠ̂c,i]. Under our assumptions, ĥc = hc + Op(n−1/2), so

√
n(𝛽c − 𝛽) =

√
n𝔼n[𝜀iΠ̂c,i]

ĥc
=
𝜀′Π̂c
√
n ĥc

=
𝜀′Π̂c
√
n hc

{

1 −
ĥc − hc
hc

}

+ Op(n−1).

Squaring the leading term and taking expectations gives:

𝔼
[(

𝜀′Π̂c
√
n hc )

2

]
=

𝔼[(𝜀′Π̂c)
2]

nh2c
.

Denominator Correction
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Proof Idea: Completing the AMSE Criterion

Recall

c = min
a∈ℝ

𝔼̄[(Π̂c,i − aΠi)
2
].

The minimizer is a = hc/𝔼n[Π
2
i ]. Substituting gives

c =
𝔼[‖Π̂c‖

2
2]

n
−

h2c
𝔼n[Π

2
i ]
.

This lets us express the squared-fit term in the numerator moment using c .
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Proof Idea: Completing the AMSE Criterion

We showed that

𝔼[(𝜀
′
Π̂c)

2
] = 𝜎

2
𝜀𝔼[‖Π̂c‖

2
2] + 𝜎

2
𝜀v𝔼[d

2
c + dc].

Substitute 𝔼[‖Π̂c‖
2
2] = n(c + h2c/𝔼n[Π

2
i ]) and divide by nh2c to obtain

𝔼[(𝜀′Π̂c)
2]

nh2c
=

𝜎2
𝜀

𝔼n[Π
2
i ]

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
common

+
𝜎2
𝜀c

h2c
+
𝜎2
𝜀v𝔼[d2

c + dc]
nh2c

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Sc

.

Donald–Newey Comparison
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Constructing a Feasible Criterion

The infeasible criterion Sc depends on population moments that are unknown to the

researcher. Instead, use feasible criterion

Ŝc ∶=
𝜎2
𝜀𝔼n[Π̂

2
c,i] + n−1𝜎2

𝜀v(d2
c + dc)

ĥ2c

where 𝜎2
𝜀 and 𝜎2

𝜀v are constructed using a pilot estimate 𝛽.

• Approach differs from Donald and Newey (2001) who instead try and directly

estimate their analog of c .

• Showing this criterion allows for feasible selection requires a different approach.

◦ Key idea: Ratio

𝔼n[Π̂2
c,i]

ĥ2c
allows us to indirectly measure c

Estimating the Moments
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Constructing a Feasible Criterion

Estimation error in Ŝc can be of higher order than Sc itself, which is a problem for feasible

selection. However, leading part of estimation error is common to all candidates. Let

Bn ∶= 𝜎
2
𝜀 (

1
𝔼n[Π

2
i ]

−
2𝔼n[Πivi]
{𝔼n[Π

2
i ]}

2 )

be the (unobserved) common centering term and choose ĉ ∈ argminc Ŝc .
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Feasible Selection

Theorem 2 (Feasible AMSE Selection)

The feasible criterion estimates the infeasible criterion up to the common centering term:

|̂Sc − Bn − Sc |
Sc

→p 0.

Thus the selected candidate ĉ satisfies

Sĉ
minc Sc

→p 1.

Since 𝔼[Qc] = Sc(1 + o(1)), the feasible selection is asymptotically AMSE optimal.
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Proof Idea: Decomposing the Fitted Moment

Leading estimation error enters through 𝔼n[Π̂
2
c,i], which is used in place of infeasible

̂c = min
a∈ℝ

𝔼n[(Π̂c,i − aΠi)
2
].

Same decomposition as for c applied to sample moments gives

𝔼n[Π̂
2
c,i]

ĥ2c
=

̂c

ĥ2c
+

1
𝔼n[Π

2
i ] (

𝔼n[Π̂c,iΠi]

ĥc )

2

.

The first part estimates the first term of Sc , the second yields the common centering.
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Proof Idea: Deriving the Centering Term

Examine second term further. Since xi = Πi + vi and ĥc = 𝔼n[xiΠ̂c,i],

𝔼n[Π̂c,iΠi]

ĥc
= 1 −

𝔼n[Π̂c,ivi]

ĥc
.

The Stein bounds and the first-stage conditions give

𝔼n[Π̂c,ivi]

ĥc
=

𝔼n[Πivi]
𝔼n[Π

2
i ]

+ op(Sc).

The leading term does not depend on the candidate c ∈ [J].
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Proof Idea: Deriving the Centering Term

Plugging the above expansion into the second term of the decomposition of 𝔼n[Π̂
2
c,i]/ĥ2c

and expanding the square gives

𝜎2
𝜀

𝔼n[Π
2
i ] (

𝔼n[Π̂c,iΠi]

ĥc )

2

= 𝜎
2
𝜀 (

1
𝔼n[Π

2
i ]

−
2𝔼n[Πivi]
{𝔼n[Π

2
i ]}

2 )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Bn

+op(Sc).

So that in total

𝜎2
𝜀𝔼n[Π̂

2
c,i]

ĥ2c
=
𝜎2
𝜀̂c

ĥ2c
+ Bn + op(Sc)

=
𝜎2
𝜀c

h2c
+ Bn + op(Sc)
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Proof Idea: Completing Feasible Consistency

To estimate the second part of the infeasible criterion show concentration of effective

dimension around its expectation

d2
c + dc

𝔼[d2
c + dc]

→p 1

In total,

Ŝc =
𝜎2
𝜀𝔼n[Π̂

2
c,i]

ĥ2c
+
𝜎̂2
𝜀v(d2

c + dc)

nĥ2c

= Bn +
𝜎2
𝜀c

h2c
+
𝜎2
𝜀v𝔼[d2

c + dc]
nh2c

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Sc

+op(Sc).

Subtract Bn and divide by Sc to obtain Theorem 2.
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Non-Gaussian Errors

Consider smooth-transformation errors, as in Chetverikov et al. (2020):

vi = 𝜓(ei), ei
iid
∼ N (0, 1), 𝔼[𝜓(ei)] = 0.

The transformation is twice continuously differentiable, with 0 < c𝜓 ≤ 𝜓′(t) ≤ C𝜓 . This

allows asymmetric, non-Gaussian errors.

For the structural error, assume

𝜀i = avi + ui , 𝔼[ui ∣ vi] = 0, 𝔼[u2i ∣ vi] = 𝜎
2
u.

Pairs (𝜀i , vi) are i.i.d., with a ≠ 0 and 𝜎2
u > 0.

Exact Conditions
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Non-Gaussian Selection

Theorem 3 (Non-Gaussian Extension)

Under the non-Gaussian conditions:

(i) Decomposition (1) holds with 𝔼[Qc] = Sc(1 + o(1)), for the same Sc ;

(ii) With a
√
n-consistent pilot, the same Ŝc and Bn give

max
c

|̂Sc − Bn − Sc |
Sc

→p 0,
Sĉ

minc Sc
→p 1.
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Proof Idea: Structural Moments

Fix a candidate and drop the subscript c. Project the structural error on the first-stage

error:

𝜀 = av + u, a =
𝜎𝜀v

𝜎2
v
, 𝔼[u ∣ v] = 0, 𝔼[uu′ ∣ v] = 𝜎2

uIn.

Since Π̂ is a function of v, the cross term still drops out:

𝔼[(𝜀
′
Π̂)

2
] = a2𝔼[(v′Π̂)2] + 𝜎2

u𝔼[‖Π̂‖
2
2].

Need to characterize 𝔼[(v′Π̂)2] but no longer have access to exact Stein identities.
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Proof Idea: Weighted Stein Identities

Define the Stein kernel 𝜏 that makes integration by parts work

𝜏(t) ∶=
∫

∞

t zpv(z) dz
pv(t)

, 𝔼[vif (vi)] = 𝔼[𝜏(vi)f ′(vi)]

Collect the weights in T ∶= diag (𝜏(v1), … , 𝜏(vn)). If vi ∼ N (0, 𝜎2
v), T = 𝜎2

v In.

Lemma 2 (Weighted Stein Identities)

If m ∶ ℝn → ℝn is Lipschitz with Jacobian A = Dm, then

𝔼[v′m] = 𝔼[tr(TA)],

𝔼
[(
v′m − tr(TA))

2
]
= 𝔼[m′Tm] + 𝔼[tr(TATA)].

Stein Kernel
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Proof Idea: The Second Moment with a Kernel

Apply the identities to m = Π̂, whose Jacobian P ∶= DΠ̂ is, as before, the projection onto

the selected columns:

𝔼[(v′Π̂)2] = 𝔼[tr(TP)2] + 𝔼[Π̂
′T Π̂] + 2𝔼[Π̂′TPv] − 𝔼[tr(TPTP)].

We can show 𝔼[T ] = 𝜎2
v In. Let W = 𝜎2

v In − T and expand:

𝔼[(v′Π̂)2] = 𝜎2
v𝔼[‖Π̂‖

2
2] + 𝜎

4
v𝔼[d

2
+ d] (Gaussian)

+ 𝔼[Π̂
′W Π̂] + 2𝔼[Π̂′WPv]

+ 𝔼 [2𝜎2
vd tr(PWP) + tr(PWP)2 − ‖PWP‖2F]
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Proof Idea: WhyW Averages Out

To control the terms in the remainder use two facts

1. 𝔼[W ] = 0 so 𝔼[Π′WΠ] = 0. This controls terms with Π̂.

2. W is diagonal with independent, bounded, and mean zero entries. Uniformly over

spans B of ≲ s columns (s the first-stage sparsity),

‖PBWPB‖op ≲ s

√
log(pn)

n
→ 0.

Together, these show that the above remainder terms are o(n + s2).

Term-by-Term Bounds
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Proof Idea: Where the Kernel Goes

The kernel therefore only affects the expansion through its mean 𝔼[𝜏(vi)] = 𝜎2
v :

𝔼[(v′Π̂)2] = 𝜎2
v𝔼[‖Π̂‖

2
2] + 𝜎

4
v𝔼[d

2
+ d] + o(n + s2).

Returning to the expression for the structural cross-moment and using a =
𝜎v𝜀
𝜎2𝜀

,

𝔼[(𝜀
′
Π̂)

2
] = 𝜎

2
𝜀𝔼[‖Π̂‖

2
2] + 𝜎

2
𝜀v𝔼[d

2
+ d] + o(n + s2).

This is the Gaussian numerator moment, up to negligible terms, so Sc is unchanged.
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Proof Idea: Why a Gaussian Base

The standard normal has Stein kernel one: ∫
∞

z t𝜑(t) dt = 𝜑(z). Changing variables,

𝜏(𝜓(z)) = 𝜓′
(z) ⋅

∫
∞

z 𝜓(t)𝜑(t) dt
𝜑(z)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∈[c𝜓 ,C𝜓 ]

,

so c2𝜓 ≤ 𝜏 ≤ C2
𝜓 and W is bounded.

• Gaussian concentration passes through the Lipschitz map 𝜓, replacing the Gaussian

tail and Poincaré bounds in the first-stage arguments;

• Laplace errors, by contrast, have the unbounded kernel 𝜏(t) = 1
2 + |t|/

√
2.
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Calibrated Simulation Design

Calibrate to Paravisini et al. (2015), who study the effect of credit supply on exports.

• Hold the observed exposure instruments fixed, with n = 14,208 export flows;

• Use fitted credit growth as the true first stage and set 𝛽 = 1;

• Start with Gaussian errors and vary identification strength and endogeneity:

F ∈ {2.7, 4.4, 7.7, 14.5, 28.0},

𝜌 = c𝜌, c = 0, 0.25, … , 2.75, 𝜌 = −0.218.

Two first-stage signals (main and dense), with 1,000 replications per design.

Empirical Setting Calibration Details
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Candidate Implementations and Selection Rules

Two dictionaries (10 or 114 instruments), each paired with 37 penalty levels, give 74

candidate implementations.

Rule Choice of first stage

Criterion Minimize the feasible structural AMSE criterion

Cross-validation Minimize ten-fold first-stage prediction error

Cross-fit Tune within each training sample; use held-out fits as instruments

BCCH Plug-in penalty on the Original dictionary

Report risk as the average of n(𝛽 − 𝛽)2. Relative risk divides this by the lowest risk among

these four rules in the same design.

Implementation Details
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Gaussian Errors: F = 7.7
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Gaussian Errors: F = 14.5
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Performance Across Identification Strengths

Average relative risk across the twelve correlations, using the main signal:

F Criterion CV Cross-fit BCCH

2.7 1.072 1.034 1.589 14.529

4.4 1.051 1.074 1.240 1.813

7.7 1.034 1.126 1.124 1.824

14.5 1.015 1.302 1.068 1.835

28.0 1.036 1.301 1.038 1.908

• Criterion is within 20% of the best rule in every main-signal design;

• CV can do better with weak identification or intermediate endogeneity.

The large BCCH entry at F = 2.7 reflects rare empty fits and use of the pilot fallback.
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Non-Gaussian Errors

Repeat the same designs with smooth-transformation and common-scale Laplace errors.

The criterion’s relative risk remains similar:

Main signal Dense signal

Errors Average Maximum Average Maximum

Gaussian 1.042 1.199 1.035 1.175

Smooth transformation 1.045 1.188 1.041 1.221

Common-scale Laplace 1.041 1.174 1.035 1.193

The smooth-transformation design satisfies the extension’s conditions on the errors, the

Laplace design does not.

Error Designs Smooth Transformation Laplace
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Conclusion

Choose the dictionary and penalty to target accuracy of the structural estimate.

• Second-order AMSE balances first-stage fit against a cost of effective dimension

that increases with endogeneity;

• Feasible selection is asymptotically AMSE-optimal among the candidate

implementations, under Gaussian errors and a class of non-Gaussian errors;

• In calibrated simulations, the criterion adapts to endogeneity and can substantially

reduce risk relative to cross-validation and plug-in rules.
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MSE Nonexistence

Consider the infeasible estimator that uses the true first-stage

𝛽
◦ ∶=

𝔼n[yiΠi]

𝔼n[xiΠi]

Under our assumptions, this is a ratio of two normal distributions and thus does not have

any finite moments.
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Proof Idea: Residual Projection

Let ûc,i = xi − Π̂c,i . The LASSO KKT conditions imply

‖
‖𝔼n[zc,iûc,i]‖‖∞ ≤ 𝜆c , 𝜋

′
c𝔼n[zc,iûc,i] = 𝜆c‖𝜋c‖1.

For any q ∈ c , Hölder gives 𝜋′
c𝔼n[zc,iqi] ≤ 𝜆c‖𝜋c‖1. Hence

𝔼n[Π̂c,i(qi − ûc,i)] = 𝜋′
c𝔼n[zc,iqi] − 𝜆c‖𝜋c‖1 ≤ 0.

Expanding the squared distance, we obtain

𝔼n[(xi − qi)2] − 𝔼n[(xi − ûc,i)2]

= 𝔼n[(qi − ûc,i)2] − 2𝔼n[Π̂c,i(qi − ûc,i)] ≥ 0.

Since ûc ∈ c , the residual is the closest feasible point:

ûc = argmin
q∈c

𝔼n[(xi − qi)2] = Pc (x).
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Proof Idea: The Stein Cross Term

Write 𝜁c = v′Π̂c − 𝜎
2
vdc , Pc = DΠ̂c , and g(v) = v′Π̂c . Since P ′

c = Pc and PcΠ̂c = Π̂c ,

Π̂
′
c∇g(v) = Π̂

′
c(Π̂c + Pcv) = ‖Π̂c‖

2
2 + v′Π̂c .

First-order Stein applied to g(v)Π̂c gives

𝔼[𝜁cg(v)] = 𝜎2
v𝔼[Π̂

′
c∇g(v)]

= 𝜎
2
v𝔼[‖Π̂c‖

2
2] + 𝜎

4
v𝔼[dc] = 𝔼[𝜁

2
c ].

Thus the two Stein identities give the same answer. Subtracting,

𝜎
2
v𝔼[dc𝜁c] = 𝔼[𝜁c{g(v) − 𝜁c}] = 0.
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Connection to Donald and Newey

Interestingly, our criterion has the same structure as that of Donald and Newey (2001) for

an OLS first stage.

Let PK project onto K prespecified, linearly independent instruments. The OLS fit is

Π̂K = PKx, with dK = K .

Write BK = ‖(I − PK )Π‖22/n, so hK = 𝔼n[Π
2
i ] − BK . The same moment calculation gives

𝔼[(𝜀′Π̂K )
2]

nh2K
=

𝜎2
𝜀

𝔼n[Π
2
i ]

+
𝜎2
𝜀BK

𝔼n[Π
2
i ]hK

+
𝜎2
𝜀𝜎

2
vK + 𝜎2

𝜀vK(K + 1)
nh2K

.

Under their growing-K conditions, hK − 𝔼n[Π
2
i ] → 0 and the K/n terms are lower order.

We recover their criterion:

𝔼[(𝜀′Π̂K )
2]

nh2K
=

𝜎2
𝜀

𝔼n[Π
2
i ]

+
𝜎2
𝜀BK

{𝔼n[Π
2
i ]}

2 +
𝜎2
𝜀vK2

n{𝔼n[Π
2
i ]}

2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

SDNK

+o(SDNK ).
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Estimating the Error Moments

Given a root-n consistent pilot 𝛽, form residuals

𝜀i = yi − xi𝛽.

Estimate the error variance and covariance by

𝜎
2
𝜀 = 𝔼n[𝜀

2
i ], 𝜎𝜀v = 𝔼n[𝜀ixi].

The second formula uses 𝔼[𝜀ixi] = 𝔼[𝜀i(Πi + vi)] = 𝜎𝜀v .

Use these same moment estimates for every candidate, squaring 𝜎𝜀v in Ŝc .
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Why the Cross-Term Is Negligible

In the squared-error expansion, the denominator cross-term satisfies

|
|
|
|
|
|

𝔼
[(

𝜀′Π̂c
√
n hc )

2
ĥc − hc
hc ]

|
|
|
|
|
|

= o(Sc).

Intuition: with the true first stage, Gaussian symmetry makes this expectation zero.

Stein bounds show that estimating the first stage adds only a smaller-order term.
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Non-Gaussian Sampling Conditions

Conditional on the instruments, pairs (𝜀i , vi) are i.i.d. with a fixed law, and:

(i) 𝜀i = avi + ui with a ≠ 0, 𝔼[ui ∣ vi] = 0, 𝔼[u2i ∣ vi] = 𝜎2
u > 0, and 𝔼[|ui |4] ≤ Cu;

(ii) vi = 𝜓(ei) for ei ∼ N (0, 1), with 𝔼[𝜓(ei)] = 0 and

𝜓 ∈ C2
(ℝ), 0 < c𝜓 ≤ 𝜓

′
(t) ≤ C𝜓 < ∞;

(iii) Strong identification, H ≤ 𝔼n[Π
2
i ] ≤ H , and maxi |Πi | ≤ KΠ.

Then 𝜎𝜀v = a𝜎2
v and 𝜎2

𝜀 = a2𝜎2
v + 𝜎

2
u. The Gaussian case is 𝜓(t) = 𝜎vt.
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Why the Stein Kernel Appears

The Stein kernel is chosen so that (𝜏pv)′(t) = −tpv(t). For a smooth, compactly supported

function f , integration by parts gives

𝔼[vif (vi)] = −∫ f (t)(𝜏pv)′(t) dt

= ∫ f ′(t)𝜏(t)pv(t) dt = 𝔼[𝜏(vi)f ′(vi)].

Apply this identity coordinate by coordinate to obtain the weighted first-order identity.

A second integration by parts gives the second-order identity; terms involving derivatives

of the kernel cancel.

Smooth approximation extends the identities to Lipschitz fits such as LASSO.
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Bounding theW -Terms

Let 𝜂 ∶= s
√
log(pn)/n. With high probability, uniformly over spans B of ≲ s columns,

‖PBWPB‖op ≲ 𝜂, ‖PBWΠ‖2 ≲
√
s log(pn).

Write Π̂ = 𝜅Π +m, with 𝜅Π the best multiple of the signal, so 𝔼[‖m‖22] = n.

1. 𝔼[Π′WΠ] = 0, and the rest of Π̂′W Π̂ is ≲ ‖PBWΠ‖2‖m‖2 + 𝜂‖m‖22;

2. |Π̂′WPv| ≲ (‖PWΠ‖2 + ‖m‖2)‖Pv‖2, with 𝔼[‖Pv‖22] ≲ s log(pn);

3. | tr(PWP)| ≤ 𝜂d and ‖PWP‖2F ≤ 𝜂2d since rank(P) = trace(P) = d.

Since d ≍ s, 𝜂 → 0, log(pn)/s → 0, each is o(n + s2).
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The Paravisini et al. Setting

Paravisini et al. (2015) study Peruvian exporters in the twelve months before and after

July 2008.

• Outcome: Change in log export volume (kilograms) for each

firm–product–destination flow;

• Endogenous variable: Change in log total bank credit to the firm;

• Instruments: Firms’ 2006 exposure to foreign-funded banks. The main measure is

the share of credit from banks with foreign funding above 10% of assets; the

dictionary also includes threshold and polynomial exposure measures.

The 2008 capital-flow reversal reduced lending by these banks. Product–destination fixed

effects compare exporters facing the same export-market shocks.
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Simulation Calibration

The PRSW sample contains 14,208 export flows from 2,091 firms. Credit growth and

instruments are demeaned within product–destination groups.

• Main signal: OLS refit on 17 instruments selected by CV-LASSO from the ten

original instruments and their 45 pairwise products;

• Dense signal: OLS on all 55 instruments, rescaled to the same H = 𝔼n[Π
2
i ].

Generate data with 𝛽 = 1 and

vi , ei
iid
∼ N (0, 1), 𝜀i = 𝜌vi +

√
1 − 𝜌2 ei .

Rescale Π to vary the i.i.d.-equivalent expected statistic F = 1 + nH/51. The empirical

signal strength corresponds to F = 14.5. These values differ from the firm-clustered

statistic in the original data.
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Simulation Implementation

The penalty grid contains 37 multiples of the BCCH plug-in penalty, 2−15, 2−14.5, … , 23, for

each dictionary.

• CV and cross-fitting keep observations from each firm in the same fold. Cross-fit

uses ten outer folds and tunes by ten-fold CV within each outer training sample;

• The criterion estimates error moments using a cross-fitted IV pilot with BCCH fits

on the Original dictionary;

• When full-sample BCCH selects no instruments, its IV estimate is replaced by the

pilot.

Plug-in penalties use the known first-stage noise variance. Cross-fit’s dimension

averages fold-specific dimensions, weighted by held-out fold size.
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Gaussian Errors: F = 2.7
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Gaussian Errors: F = 4.4
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Gaussian Errors: F = 28.0
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Non-Gaussian Simulation Designs

For independent standard Gaussian Gi ,Bi , the smooth-transformation design uses

𝜓(t) =
t + t3

𝜈(1 + 2t2)
, vi = 𝜓(Gi), 𝜀i = 𝜌vi +

√
1 − 𝜌2 𝜓(Bi),

where 𝜈 normalizes the variance to one. It has 𝔼[𝜀i ∣ vi] = 𝜌vi and Var(𝜀i ∣ vi) = 1 − 𝜌2.

The common-scale Laplace design instead uses an independent Wi ∼ Exp(1):

vi =
√
Wi Gi , 𝜀i =

√
Wi{𝜌Gi +

√
1 − 𝜌2 Bi}.

Its conditional variance is (1 − 𝜌2)𝔼[Wi ∣ vi], so this design goes beyond the theorem’s

error restrictions.
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Smooth-Transformation Errors: F = 7.7
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Common-Scale Laplace Errors: F = 7.7
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